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ABSTRACT	

This	 study	 undertakes	 a	 numerical	 examination	 of	 the	 effective	 elastic	 characteristics	 of	 various	 nanocomposites	 comprising	
poly(methyl	 methacrylate)	 (PMMA)	 as	 the	 matrix,	 reinforced	 with	 armchair	 or	 zigzag	 single-walled	 carbon	 nanotubes.	 Such	
composites	serve	as	biomaterial	implants	in	the	field	of	medicine.	Employing	COMSOL	Multiphysics®	Software,	specifically	the	Solid	
Mechanics	Physics	module	within	 the	 Structural	Mechanics	module,	we	 conducted	 analyses	 on	 three-dimensional	 representative	
volume	elements	for	static	evaluations.	Our	focus	was	on	determining	the	effective	elastic	properties,	encompassing	elastic	moduli	in	
X,	Y,	and	Z	directions,	as	well	as	shear	moduli	in	XY,	YZ,	and	ZX	planes.	The	investigation	encompassed	varying	volume	fractions	of	the	
reinforcement	material,	spanning	 low	and	medium	concentrations.	Additionally,	 the	elastic	modulus	 in	the	x-direction	underwent	
validation	using	the	Rule	of	Mixture,	providing	a	thorough	assessment	of	the	polymer/nanotube	composite's	elastic	modulus	in	the	X-
direction	and	confirming	the	accuracy	of	this	specific	outcome.	Ultimately,	our	work	contributes	to	the	advancement	of	materials	and	
technologies	by	furnishing	significant	insights	into	the	effective	elastic	properties	of	the	examined	nanocomposites,	across	various	
levels	of	carbon	nanotube	reinforcement,	while	ensuring	the	reliability	of	 the	obtained	elastic	modulus	 in	the	x-direction	through	
validation	using	the	Rule	of	Mixture.	

Keywords:	Carbon	nanotubes,	Nanocomposite,	PMMA,	Orthopedic	surgeries	application,	Effectives	elastic	properties,	Homogenization	
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1. INTRODUCTION	

Nanocomposites	 are	 multiphase	 solid	 materials	 with	 at	
least	one	phase	dimension	of	less	than	100	nanometers	[1].	
Such	materials	 are	 usually	 the	 combination	 of	 a	 massive	
matrix	with	 a	 nanoscale	 reinforcement	 phase	 of	 different	
properties	 resulting	 from	 the	 structural	 and	 chemical	
differences.	 The	 nanoscale	 reinforcement	 is	 dispersed	
within	the	matrix	during	the	development	of	the	composite.	
The	mass	content	of	the	nanoparticles	 introduced	is	often	
very	 low	 (between	 0.5%	 and	 5%)	 because	 of	 the	 low	
percolation	 threshold.	 This	 is	 typically	 the	 case	 for	 non-
spherical	nanoparticles	with	a	high	form	factor	(clays	in	the	
form	of	sheets	or	carbon	nanotubes	in	the	form	of	fibers,	for	
instance).	Depending	on	the	constituent	of	the	matrix,	there	
are	 several	 types	 of	 nanocomposites:	 polymer	 matrix	
nanocomposites,	ceramic	matrix	nanocomposites	or	metal	
matrix	nanocomposites.	

In	this	work,	we	were	interested	in	a	mechanical	study	of	
nanocomposites	 composed	 of	 a	 polymer	 matrix	 with	
dispersed	carbon	nanotubes	[2].	

The	mechanical	properties	of	nanocomposites	are	different	
from	those	of	traditional	composite	materials	because	of	the		
	

high	 surface-to-volume	 ratio	 of	 the	 reinforcement	 and	 its	
large	form	factor.	The	reinforcement	can	be	in	the	form	of	
particles	 (minerals),	 sheets	 (exfoliated	 clays)	 or	 fibers	
(carbon	 nanotubes).	 The	 matrix-reinforcement	 interface	
has	 a	 large	 surface	 area	 that	 is	 typically	 an	 order	 of	
magnitude	 larger	 than	 that	 of	 a	 traditional	 composite	
material.	 This	 interface	 implies	 that	 a	 small	 amount	 of	
nanoscale	reinforcement	can	have	an	observable	effect	on	
the	macroscopic	properties	of	the	composite.	For	example,	
the	 addition	 of	 carbon	 nanotubes	 improves	 the	 electrical	
and	 thermal	 conductivities	 and	 mechanical	 properties	 of	
composite	material.	Other	types	of	nanoparticles	can	lead	to	
improvements	 in	 optical,	 dielectric,	 fire	 resistance	 or	
mechanical	properties	of	the	nanocomposites.	

Carbon	nanotubes	 (CNTs),	as	 reinforcement,	play	a	major	
role	 the	 development	 of	 the	 mechanical	 properties	 of	
polymer	nanocomposites	[3].	Their	low	diameter	and	their	
high	aspect	ratio	make	them	an	ideal	material	 to	 improve	
the	 properties	 of	 the	 polymer	matrix,	 compared	 to	 glass,	
carbon	 or	 aramid	 fibers.	 More	 precisely,	 nanotubes	
“SWCNTS”	 should	 improve	 the	 elasticity	 modulus	 of	 the	
polymer	matrix.	 It	 is	noted	that	a	CNT	is	a	hundred	times	
lighter	and	six	times	stronger	than	steel.	To	favor	more	the	
adhesion	between	polymer	matrix	and	reinforcement,	CNTs		
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are	usually	functionalized	by	grafting	short	organic	chains	
on	 their	 surface.	 The	 typical	 characteristics	 of	 carbon	
nanotubes	 (CNTs)	 dispersed	 in	 a	 polymer	 matrix	 are	 as	
follows:	 their	 diameter	 is	 approximately	 10 nm,	 their	
volume	 fraction	 is	about	3%,	 their	 total	number	 is	on	 the	
order	of	10¹⁵,	their	specific	surface	area	is	around	100 m²/g,	
and	 their	 aspect	 ratio	 is	 approximately	 1000.	 Another	
important	parameter	of	CNTs	is	their	interparticle	distance,	
which	depends	on	the	volume	fraction.	As	noted	in	Ref.	[4],	
the	relative	distance	between	CNTs	increases	as	the	volume	
fraction	 decreases.	 For	 instance,	 for	 single-walled	 carbon	
nanotubes	(SWCNTs)	with	a	diameter	of	3.2 nm,	a	volume	
fraction	of	3%	was	reported	[4].	

In	the	present	work,	we	focus	only	on	Armchair	or	Zigzag	
SWCNTs,	each	is	characterized	by	two	chiral	indices	(𝑛,	𝑚)	
[5].	For	the	numerical	study,	we	have	chosen	(5,5)	Armchair	
and	(9,0)	Zigzag	SWCNTs.	The	term	"Armchair"	denotes	the	
specific	arrangement	of	carbon	atoms	along	the	nanotube	
sidewalls.	In	an	Armchair	SWCNT,	the	rows	of	carbon	atoms	
run	parallel	to	the	tube	axis,	resembling	the	arms	of	a	chair,	
hence	 the	 name.	 The	 (5,5)	 Armchair	 SWCNT	 has	 a	 well-
defined	and	symmetric	structure	due	to	the	equal	values	of	
n	and	m	[6,	7].	This	symmetry	can	make	it	easier	to	use	in	a	
variety	 of	 applications,	 such	 as	 electronics	 [8]	 and	
nanotechnology	 [6,	 9].	 Understanding	 the	 properties	 and	
behavior	 of	 the	 specific	 SWCNTs	 structures,	 as	 (5,5)	
Armchair	SWCNTs,	is	essential	for	harnessing	their	unique	
characteristics	in	advanced	technologies	and	materials.	The	
term	"Zigzag"	indicates	the	specific	arrangement	of	carbon	
atoms	along	the	sidewalls	of	the	nanotube	[9].	In	a	Zigzag	
SWCNT,	the	rows	of	carbon	atoms	run	parallel	to	the	tube	
axis,	 forming	a	distinctive	Zigzag	pattern.	 Zigzag	SWCNTs	
have	a	relatively	simple	and	symmetric	structure	compared	
with	other	chiralities,	such	as	Armchair	or	chiral	SWCNTs	
[9].	 This	 simple	 structure	 can	be	 advantageous	 in	 certain	
applications.	The	elastic	properties	of	both	SWCNTs	used	in	
this	paper	are	extracted	from	[10].	

For	 the	 study,	 the	 chosen	 matrix	 as	 host	 phase	 was	
poly(methyl	 methacrylate)	 (PMMA).	 The	 latter	 is	 a	
synthetic	polymer	which	belongs	to	acrylic	polymers	family	
[11].	 Such	 a	 polymer	 is	 a	 transparent	 thermoplastic	with	
various	 applications.	 In	 addition,	 it	 is	 known	 for	 its	
exceptional	optical	clarity	and	transparency	[12]	and	often	
used	 as	 a	 lightweight	 alternative	 to	 glass	 in	 applications	
where	the	optical	properties	are	crucial	[12],	such	as	in	the	
production	 of	 clear	 plastic	 sheets,	 lenses	 and	 displays.	
Despite	 its	 transparency,	 PMMA	 is	 remarkably	 impact-
resistant,	making	 it	 suitable	 for	applications	where	 safety	
and	 durability	 are	 essential	 [13].	 It	 is	 also	 used	 in	 the	
production	 of	 safety	 glasses,	 protective	 shields	 and	 riot	
gear.	 PMMA	 exhibits	 excellent	 resistance	 to	 UV	 radiation	
[14]	 and	weathering	 [15],	making	 it	 suitable	 for	 outdoor	
applications.	It	is	commonly	used	for	outdoor	signs	[16].	

PMMA	 bone	 cement	 is	 commonly	 used	 in	 the	 joint	
replacement	surgeries,	such	as	hip	and	knee	replacements	
[17,	 18].	 It	 serves	 as	 an	 adhesive	 to	 fix	 the	 artificial	 joint	
components	 (prostheses)	 to	 the	 existing	 bone	 [18,	 19].	
PMMA	cement	forms	a	strong	bond	with	the	bone	and	the		
	

implant,	providing	stability	and	allowing	patients	to	regain	
mobility	and	reduce	pain	[18].	PMMA	can	be	used	to	create	
orthopedic	 spacers	 in	 cases	 of	 bone	 infection	 or	 in	 the	
revision	joint	replacement	surgeries	[18].	These	spacers	are	
typically	 temporary	 and	 help	 to	maintain	 the	 joint	 space	
while	 treating	 or	managing	 infection	 [18].	 In	 some	 cases,	
PMMA	can	be	used	 to	 create	 custom	orthopedic	 implants	
[20],	 particularly	 for	 patients	 with	 complex	 or	 irregular	
bone	 shapes	 [18,	 21].	 These	 implants	 are	 typically	
temporary	 and	 can	 provide	 a	 stable	 foundation	 for	 bone	
healing	[20].	PMMA	can	be	used	to	secure	the	fixation	pins	
or	screws	 in	 the	orthopedic	surgeries,	helping	 to	stabilize	
the	 fractures	 or	 maintain	 the	 position	 of	 the	 implants.	
Orthopedic	 surgeons	 and	 medical	 professionals	 carefully	
evaluate	 the	 choice	 of	materials,	 surgical	 techniques,	 and	
patient-specific	 factors	 to	 ensure	 the	 best	 possible	
outcomes	 in	orthopedic	procedures	 involving	PMMA	[20].	
Advances	in	materials	and	techniques	continue	to	improve	
the	 safety	 and	 effectiveness	 of	 PMMA-based	 orthopedic	
applications	[9,	18,	20,	21].	The	elastic	properties	of	PMMA	
are	described	in	[22].	

The	mean	goal	of	the	present	work	is	a	numerical	study	of	
effectives	 elastic	 properties	 “EEP”	 of	 some	 kinds	 of	
nanocomposites	 formed	 by	 PMMA	 (as	matrix)	 reinforced	
with	(5,5)	Armchair	or	(9,0)	Zigzag	SWCNTs.	The	analysis	
was	achieved	using	COMSOL	Multiphysics®	Software.	Our	
study	 focused	 on	 the	 investigation	 of	 EEP,	 including	 the	
elastic	 moduli	 in	 X,	 Y,	 and	 Z	 directions,	 as	 well	 as	 shear	
moduli	in	XY,	YZ,	and	ZX	plans,	versus	the	volume	fraction	
of	 the	 reinforcement	material	 (SWCNTs	 in	 our	 case).	 The	
elastic	modulus	 in	the	x-direction	was	validated	using	the	
Mixture	Rule.	By	considering	this	rule,	the	study	provides	a	
rigorous	 assessment	 of	 the	 elastic	 modulus	 in	 the	 x-
direction	of	PMMA-SWCNT	nanocomposites	and	verifies	the	
accuracy	 of	 this	 specific	 result.	 Finally,	 we	 think	 that	 the	
present	 work	 may	 contribute	 to	 the	 development	 of	
advanced	materials	and	technologies	by	providing	valuable	
information	 on	 EEP	 of	 PMMA-SWCNT	 nanocomposites,	
with	different	levels	of	the	carbon	nanotubes	reinforcement	
[23–26].	

The	remaining	of	presentation	is	organized	as	follows.	First,	
we	describe	the	considered	materials	and	precise	the	used	
numerical	methodology.	Second,	we	present	the	results	and	
discussion.	Finally,	some	concluding	remarks	are	present	at	
the	end	of	the	manuscript.	

2. MATERIALS	AND	METHODOLOGY	

2.1. Materials	

PMMA	 is	 a	 transparent	 thermoplastic	 known	 for	 its	
exceptional	optical	clarity	and	transparency.	It	is	commonly	
used	 as	 a	 lightweight	 alternative	 to	 glass	 in	 applications	
where	 optical	 properties	 are	 crucial,	 such	 as	 clear	 plastic	
sheets,	 lenses,	 and	 displays.	 It	 is	 also	 impact-resistant,	
making	it	suitable	for	safety	glasses,	protective	shields	and	
riot	gear.	Such	a	polymer	exhibits	an	excellent	resistance	to	
UV	radiation	and	weathering,	making	it	suitable	for	outdoor	
applications	 like	 outdoor	 signs.	 PMMA	 bone	 cement	 is		
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commonly	 used	 in	 joint	 replacement	 surgeries,	 providing	
stability	 and	 allowing	 patients	 to	 regain	 mobility.	 The	
elastic	properties	are	regrouped	in	Table	1	[25].	

The	study	involves	the	incorporation	of	SWCNTs	into	PMMA	
matrix,	 whose	 general	 structures	 are	 shown	 in	 Figure	 1.	
Two	 types	 of	 SWCNTs	 are	 considered,	 namely	 (5,5)	
Armchair	and	(9,0)	Zigzag	single	wall	SWCNTs.	These	kinds	
of	 SWCNTs	 have	 unique	 properties	 and	 structures	 that	
make	them	suitable	for	various	applications.	

The	elastic	properties	of	both	types	of	SWCNTs	are	given	in	
Table	2	[12].	

2.2. Representative	Volume	Element	(RVE)	

Representative	volume	element	(RVE)	takes	the	form	of	a	
cubic	cross-section	of	PMMA	matrix	embedded	by:	(i)	(5,5)	
Armchair	or	(ii)	(9,0)	Zigzag	SWCNTs.	These	materials	are	
tightly	arranged	to	form	an	outer	radius	of	1.5	nm	[24]	and	
has	a	thickness	of	0.34	nm.	The	size	of	RVE,	and	the	length	
of	SWCNT,	L!"#,	are	precisely	defined	based	on	the	desired	
CNT	 volume	 fraction,	 v!"#.	 The	 latter	 is	 given	 by	 the	
following	relation	[25].	

	 (1)	

Here,	V$%&	accounts	for	the	volume	of	SWCNT,	V'()	for	the	
volume	of	cubic	RVE	and	r*	and	r+	are	the	outer	and	inner	
radii.	The	size	of	RVE	is	as	follows	

	 (2)	

The	analyses	were	carried	out	utilizing	a	three-dimensional	
Finite	 Element	 Model	 of	 RVE	 Figure	 2.	 This	 model	 was	
developed	 using	 COMSOL	Multiphysics®.	 All	 constituents	
were	represented	within	this	model	using	Cell	Periodicity.	
Various	perspectives	of	a	typical	FE	mesh	of	RVE.	The	mesh	
selection	was	a	free	triangular	 in	the	side	of	end	CNT	and	
the	mesh	selected	for	the	other	side	was	swept	as	shown	in	
Figure	2.	The	chosen	mesh	is	characterized	by	a	relatively	
low	density,	since	the	analyses	conducted	were	linear	and	
RVE	 geometry	 exhibited	 no	 geometric	 non-linearity.	 To	
determin	 the	 elastic	 properties,	 the	 Cell	 Periodicity	 was	
used.	 Such	 a	 technique	 involves	 applying	 a	 small	 normal	
displacement	 on	 one	 side	 while	 fully	 constraining	 the	
opposite	side.	Similarly,	for	the	calculation	of	shear	moduli,	
the	 three	 planes	 were	 subjected	 to	 shear	 loading	 by	
applying	 a	 shear	 displacement	 to	 one	 face	 and	 fully	
constraining	 the	 opposite	 face.	 To	 represent	 the	
homogenized	 engineering	 behavior	 of	 RVE,	 reflecting	 the	
material	 macroscopic	 properties,	 periodic	 boundary	
conditions	 were	 implemented	 within	 RVE.	 In	 fact,	 these	
conditions	 were	 applied	 using	 constraint	 equations	 on	
opposite	faces,	ensuring	that	the	model	accurately	captures	
the	overall	behavior	of	the	material.	

	

Table	1.	Elastic	properties	of	PMMA	

Young’s	modulus,	
E	(GPa)	

Shear	modulus,	G	
(GPa)	

Poisson	ratio,	ν	

2.4	 1.7	 0.37	
	

Table	2.	Orthotropic	elastic	properties	of	SWCNTs	

Elastic	quantities	
(GPa)	

(5,5)	Armchair	
CTN	

(9,0)	Zigzag	CTN	

El	 1398	 1411	
Eθ	 1484	 1411	
Er	 1300	 1210	
νθl	 0.175	 0.225	
νθr	 0.17	 0.17	
νlr	 0.1675	 0.215	
Gθl	 631	 576	
Gθr	 634	 430	
Glr	 385	 602	

	

	
Figure	1.	Geometry		

	

Figure	2.	Model	meshed	

	
Figure	3.	Equivalent	geometric	representation	for	modeling	

SWCNTs	[26]	

	

!!"# =
#$%&
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$(&*+ − &,+))!"#
(*+ − $&,+))'()

	

! = #$%!" +
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2.3. Periodic	Boundary	Condition	on	RVE	

It	 is	of	utmost	 importance	 to	 carefully	define	appropriate	
boundary	 conditions	 for	 RVE	 when	 assessing	 the	 elastic	
moduli	 effectively.	 These	 boundary	 conditions	 should	
accurately	replicate	the	real	deformation	occurring	within	
the	nanocomposite	under	specific	loading	conditions.	In	our	
current	 analysis,	 we	 employ	 the	 boundary	 conditions	 for	
RVE	 under	 different	 loading	 conditions	 as	 originally	
developed	 [27–29].	 They	 skillfully	 established	 these	
conditions	 through	 the	 application	 of	 symmetry	 and	
periodicity	 principles.	 These	 boundary	 conditions	 are	
essential	 for	 predicting	 the	 mechanical	 properties	 of	 the	
conventional	composite	using	RVE	approach,	and	we	utilize	
them	in	our	finite	element	model.	The	subsequent	sections	
will	 detail	 the	 specific	 displacement	 boundary	 conditions	
applied	to	the	finite	element	model	for	scenarios	involving	
normal	 loading,	 transverse	shear	 loading	and	 longitudinal	
shear	loading.	These	conditions	are	crucial	to	compute	the	
various	elastic	moduli	accurately.	

The	following	equations	represent	the	boundary	conditions	
for	estimating	the	Young's	moduli	in	the	three	directions,	x,	
y	and	z:	

• Boundary	condition	to	compute	E,,:	

𝑢--(0, 𝑦, 𝑧) = 𝑢..(𝑥, 0, 𝑧) = 𝑢//(𝑥, 𝑦, 0) = 0, 𝑢--(𝑎, 𝑦, 𝑧) =
𝛿00	 (3)	

• Boundary	condition	to	compute	E11:	

𝑢--(0, 𝑦, 𝑧) = 𝑢..(𝑥, 0, 𝑧) = 𝑢//(𝑥, 𝑦, 0) = 0, 𝑢..(𝑥, 𝑎, 𝑧) =
𝛿22	 (4)	

• Boundary	condition	to	compute	E33:	

𝑢--(0, 𝑦, 𝑧) = 𝑢..(𝑥, 0, 𝑧) = 𝑢//(𝑥, 𝑦, 0) = 0, 𝑢//(𝑥, 𝑦, 𝑎) =
𝛿44	 (5)	

In	addition,	the	following	equations	represent	the	boundary	
conditions	 for	 estimating	 the	 shear	 moduli	 in	 three	
directions,	X,	Y	and	Z	[23]:	

• Boundary	condition	to	compute	G,1:	

𝑢--(𝑥, 0, 𝑧) = 𝑢..(𝑥, 0, 𝑧) = 𝑢//(𝑥, 0, 𝑧) = 0, 𝑢--(𝑥, 𝑎, 𝑧) =
𝛿5	 (6)	

• Boundary	condition	to	compute	G,3:	

𝑢--(𝑥, 𝑦, 0) = 𝑢..(𝑥, 𝑦, 0) = 𝑢//(𝑥, 𝑦, 0) = 0, 𝑢..(𝑥, 𝑦, 𝑎) =
𝛿6	 (7)	

• The	same	Boundary	condition	as	precedent	used	to	
compute	G13:	

𝑢--(𝑥, 0, 𝑧) = 𝑢..(𝑥, 0, 𝑧) = 𝑢//(𝑥, 0, 𝑧)0, 𝑢--(𝑎, 𝑦, 𝑧) = 	𝛿5
	 (8)	

In	formulae	above,	quantities	u--,	u..	and	u//	represent	the	
displacement	 components	 in	 X,	 Y	 and	 Z	 directions,	
respectively,	δ,,	 denotes	 the	 constant	displacement	value	
applied	in	X-direction	on	X = 	a	plane	of	RVE,	δ11	represents	
the	constant	displacement	value	applied	 in	Y-direction	on	
the	Y = a	plane	of	RVE	and	δ33	is	the	constant	displacement	
value	 applied	 in	 Z-direction	 on	 Z = a	 plane	 of	 RVE.	 The	
shear	loading,	δ7,	is	the	constant	displacement	value	applied	
in	X-direction	at	Y = a	face	of	RVE,	the	shear	loading,	δ#,	is	
the	 constant	 displacement	 value	 applied	 in	 Z-direction	 at	
Z = a	 face	 of	 RVE.	 All	 these	 equations	 are	 illustrated	 by	
Figure	4.	

3. RESULTS	AND	DISCUSSION	

3.1. Low	Concentration	

In	this	section,	we	explore	the	effects	of	using	small	amounts	
of	SWCNTs	as	reinforcement	on	mechanical	properties.	

PMMA	is	considered	as	an	isotropic	material	which	exhibits	
the	 same	 mechanical	 properties	 in	 all	 directions.	 Its	
mechanical	properties	such	as	Young's	modulus	and	shear	
modulus	are	generally	the	same	in	all	directions	and	have	as	
values	2.4𝐸9	𝑃𝑎	and	1.7E9	𝑃𝑎,	respectively.	This	means	that	
PMMA	response	to	mechanical	stress	is	independent	of	the	
orientation	 of	 the	 stress	 or	 strain.	 However,	 when	 we	
introduce	 a	 mere	 1%	 concentration	 of	 (5,5)	 Armchair	
SWCNTs,	 we	 observe	 a	 substantial	 decrease	 of	 Young’s	
modulus	(𝐸𝑥𝑥)	of	PMMA,	which	now	stands	at	1.7832𝐸10	
𝑃𝑎.	 Upon	 further	 elevating	 the	 concentration	 to	10%,	 the	
axial	Young’s	modulus	undergoes	a	pronounced	reduction	
reaching	1.43439E11	𝑃a.	A	parallel	pattern	emerges	when	
considering	 PMMA	 reinforced	 with	 1%	 of	 (9,0)	 Zigzag	
SWCNTs.	 In	 this	 case,	 the	 initial	 Young’s	 modulus	 (𝐸𝑥𝑥)	
measures	 1.79619𝐸10	 𝑃𝑎,	 but	 when	 the	 concentration	
increases	to	10%,	the	axial	Young’s	modulus	diminishes	to	
1.45025E11𝑃𝑎	(see	Tables	3,	4	and	Figure	5).	

Similar	 trends	 can	 be	 observed	 for	 Young’s	 moduli	 in	 Y-
direction.	At	1%	concentration	of	(5,5)	Armchair	SWCNTs,	
Young’s	 modulus,	 𝐸𝑦𝑦,	 of	 the	 nanocomposite	 is		
	

	

Figure	4.	Boundary	conditions	necessary	to	calculate	all	elastic	
properties	[24]	
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4.05955𝐸9	𝑃𝑎,	but	this	such	a	value	significantly	ascends	to	
6.40204E9𝑃𝑎	 at	 10%	 of	 (5,5)	 Armchair	 SWCNT	
concentration.	When	we	examine	PMMA	fortified	with	1%	
of	 (9,0)	 Zigzag	 SWCNT,	 Young’s	 modulus,	𝐸𝑦𝑦,	 stands	 at	
4.05827𝐸9	 𝑃𝑎.	 With	 a	 subsequent	 increase	 in	 the	
concentration	 to	 10%,	 Young’s	 modulus	 experiences	 a	
decrease,	measuring	6.36629E9	𝑃𝑎	(refer	to	Tables	3,	4	and	
Figure	6).	

Concerning	 the	 Young’s	 modulus	 in	 Z-direction,	 at	 1%	
concentration	of	(5,5)	Armchair	SWCNTs,	it	amounts	at	the	
value	4.05925𝐸9	𝑃𝑎.	However,	at	10%	concentration,	the	Z-
direction	 Young’s	 modulus	 markedly	 increases	 to	
6.36629E9	𝑃𝑎.	 This	 trend	 is	 also	 observed	 in	 the	 case	 of	
PMMA	 reinforced	 by	 1%	 of	 (9,0)	 Zigzag	 SWCNTs,	 where	
Young’s	 modulus	 (𝐸𝑧𝑧)	 starts	 at	 4.0579𝐸9	 𝑃𝑎	 and	
eventually	 reaches	 the	 value	 6.36059E9𝑃𝑎	 at	 a	 10%	
concentration	(refer	to	Tables	3,	4	and	Figure	7).	

Shear	 moduli	 for	 a	 nanocomposite	 exhibits	 notable	
variations	 at	 different	 concentrations	 of	 SWCNTs.	
Specifically,	at	1%	concentration	of	(5,5)	Armchair	SWCNTs,	
shear	 modulus	 (𝐺𝑥𝑦)	 of	 the	 nanocomposite	 measures	
1.00193𝐸9	 𝑃𝑎,	 reflecting	 a	 significant	 decrease.	 Upon	
increasing	 the	 concentration	 to	 10%,	 the	 shear	 modulus	
drops	 further	 to	 1.72986E10	 𝑃𝑎.	 Similarly,	 when	
incorporating	 1%	 of	 (9,0)	 zigzag	 SWCNTs	 into	 PMMA	
matrix,	 the	value	of	 the	shear	modulus,	𝐺𝑥𝑦	 is	1.00195𝐸9	
𝑃𝑎.	A	subsequent	increase	in	concentration	to	10%	leads	to	
a	 shear	 modulus	 reduction	 measuring	 1.72986E10	 𝑃𝑎	
(refer	to	Tables	5,	6)	and	(Figure	8).	

The	trend	persists	when	analyzing	the	shear	modulus,	𝐺𝑦𝑧,	
the	 nanocomposite.	 At	 a	 1%	 concentration	 of	 (5,5)	
Armchair	SWCNTs,	the	value	of	this	modulus	is	9.83964𝐸8	
𝑃𝑎.	 Elevating	 the	 concentration	 to	 10%	 yields	 a	 shear	
modulus,	𝐺𝑦𝑧,	 of	1.45758E9	𝑃𝑎.	 For	PMMA	reinforced	by	
1%	 of	 (9,0)	 zigzag	 SWCNTs,	 the	 shear	 modulus,	 𝐺𝑦𝑧,	 is	
9.82398𝐸8	 𝑃𝑎	 at	 1%	 concentration	 and	 increases	 to	 the	
value	 1.43950E9𝑃𝑎	 at	 10%	 of	 (9,0)	 zigzag	 SWCNTs	
concentration	(refer	to	Tables	5,6	and	Figure	9).	Examining	
the	shear	modulus,	𝐺𝑥𝑧,	for	PMMA,	at	a	1%	concentration	of	
(5,5)	Armchair	SWCNTs,	 it	measures	1.00164𝐸9	𝑃𝑎.	With	
an	 increase	 to	 10%	 concentration,	 this	 shear	 modulus	
reaches	the	value	of	1.75344E9	𝑃𝑎.	For	PMMA	reinforced	by	
1%	 of	 (9,0)	 Zigzag	 SWCNTs,	 the	 shear	 modulus,	 𝐺𝑥𝑧,	 is	
1.00197𝐸9	𝑃𝑎	at	a	1%	concentration	and	rises	to	the	value	
1.75906E9	 𝑃𝑎	 at	 10%	 (see	 Tables	 5,6)	 and	 (Figure	 10).	
Comparing	the	two	types	of	SWCNTs	at	a	1%	concentration,	
(9,0)	 zigzag	 SWCNTs	 reinforcement	 results	 in	 a	 slightly	
higher	 elastic	 properties	 compared	 to	 (5,5)	 Armchair	
SWCNTs	reinforcement.	However,	when	the	concentration	
is	 increased	 to	 9%,	 the	 two	 types	 of	 nanotubes	 lead	 to	 a	
significant	increase	of	the	elastic	properties.	

3.2. Medium	Concentration	

In	 this	 section,	 we	 analyze	 the	 effects	 of	 using	 medium	
amounts	 of	 SWCNTs	 as	 reinforcement	 on	 mechanical	
properties.	

Tables,	 7–10	 and	 Figures	 11–16	 below	 depict	 the	 elastic	
properties	of	polymer-nanotube	composites.	The	composite		
	

Table	3.	Young’s	Moduli	of	nanocomposite	PMMA-(5,5)	
Armchair,	Cell	Periodicity	

VF	(%)	 𝑬𝒙𝒙	(Pa)	 𝑬𝒚𝒚	(Pa)	 𝑬𝒛𝒛	(Pa)	
0.01	 1.78320𝐸10	 4.05955𝐸9	 4.05925𝐸9	
0.02	 3.11143E10	 4.28464E9	 4.37773E9	
0.03	 4.49340E10	 4.51396E9	 4.59741E9	
0.04	 5.87537E10	 4.74923E9	 4.82279E9	
0.05	 7.28453E10	 5.00233E9	 5.06526E9	
0.06	 8.72994E10	 5.26053E9	 5.30203E9	
0.07	 1.00802E11	 5.52553E9	 5.56647E9	
0.08	 1.14894E11	 5.80751E9	 5.83660E9	
0.09	 1.29348E11	 6.08826𝐸9	 6.0841𝐸9	
0.10	 1.43439E11	 6.40204E9	 6.36629E9	

	

Table	4.	Young’s	Moduli	of	nanocomposite	PMMA-(9,0)	
Armchair,	Cell	Periodicity	

VF	(%)	 𝑬𝒙𝒙	(Pa)	 𝑬𝒚𝒚	(Pa)	 𝑬𝒛𝒛	(Pa)	
0.01	 1.79619𝐸10	 4.05827𝐸9	 4.0579𝐸9	
0.02	 3.14314E10	 4.35494E9	 4.34925E9	
0.03	 4.58855E10	 4.56893E9	 4.57463E9	
0.04	 6.02943E10	 4.78943E9	 4.79432E9	
0.05	 7.44312E10	 5.04248E9	 5.03678E9	
0.06	 8.85228E10	 5.29064E9	 5.28495E9	
0.07	 1.02660E11	 5.53799E9	 5.53230E9	
0.08	 1.16479E11	 5.80894E9	 5.79755E9	
0.09	 1.30868𝐸11	 6.06832𝐸9	 6.06328𝐸9	
0.10	 1.45025E11	 6.36629E9	 6.36059E9	

	
Table	5.	Shear	Moduli	of	nanocomposite	PMMA-(5,5)	Armchair,	

Cell	Periodicity	

VF	(%)	 𝑮𝒙𝒚	(Pa)	 𝑮𝒙𝒛	(Pa)	 𝑮𝒚𝒛	(Pa)	
0.01	 1.00193𝐸9	 1.00164𝐸9	 9.83964𝐸8	
0.02	 2.63529E9	 1.06715E9	 9.91682E8	
0.03	 4.21205E9	 1.14135E9	 1.04874E9	
0.04	 5.86850E9	 1.22305E9	 1.10580E9	
0.05	 7.55911E9	 1.30261E9	 1.16546E9	
0.06	 9.25541E9	 1.38243E9	 1.22111E9	
0.07	 1.11851E10	 1.47324E9	 1.27958E9	
0.08	 1.31603E10	 1.56619E9	 1.33945E9	
0.09	 1.66583𝐸9	 1.66206𝐸9	 1.4068𝐸9	
0.10	 1.72986E10	 1.75344E9	 1.45758E9	

	

Table	6.	Shear	Moduli	of	nanocomposite	PMMA-(9,0)	Armchair,	
Cell	Periodicity	

VF	(%)	 𝑮𝒙𝒚	(Pa)	 𝑮𝒙𝒛	(Pa)	 𝑮𝒚𝒛	(Pa)	
0.01	 1.00195𝐸9	 1.00197𝐸9	 9.82398𝐸8	
0.02	 2.63529E9	 1.07465E9	 9.84651E8	
0.03	 4.21205E9	 1.14885E9	 1.04030E9	
0.04	 5.86850E9	 1.22493E9	 1.09736E9	
0.05	 7.55911E9	 1.31011E9	 1.15441E9	
0.06	 9.25541E9	 1.38993E9	 1.20725E9	
0.07	 1.11851E10	 1.47887E9	 1.26572E9	
0.08	 1.31603E10	 1.57155E9	 1.32418E9	
0.09	 1.66626𝐸9	 1.66654𝐸9	 1.39162𝐸9	
0.10	 1.72986E10	 1.75906E9	 1.43950E9	
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Figure	5.	Young’s	moduli	in	X-direction	

	

Figure	6.	Young’s	moduli	in	Y-direction	

	

Figure	7.	Young’s	moduli	in	Z-direction	

	

Figure	8.	Shear	moduli	in	XY-direction	

	

Figure	9.	Shear	moduli	in	YZ-direction	

	

Figure	10.	Shear	moduli	in	XZ-direction

samples	have	varying	 concentrations	of	 SWCNTs,	 ranging	
from	10%	 to	20%.	These	 tables	 and	 figures	 illustrate	 the	
effect	 of	 the	 nanotube	 concentration	 on	 the	 mechanical	
performance	of	the	composite	materials.	

It	 is	 noted	 that	 these	 figures	 collectively	 offer	 a	
comprehensive	view	of	how	 the	mechanical	properties	of	
the	 polymer-nanotube	 composites	 are	 influenced	 by	 the	
inclusion	 of	 (5,5)	 Armchair	 and	 (9,0)	 zigzag	 SWCNTs	 at		
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concentrations	 ranging	 from	 11%	 to	 20%.	 They	 are	
essential	 in	 understanding	 the	 relationship	 between	
SWCNT	 content	 and	 the	 enhancement	 of	 mechanical	
performance	in	these	composite	materials,	which	can	have	
significant	 implications	 for	 various	 engineering	 and	
material	science	applications.	

Tables	 7	 and	 8,	 along	 with	 Figures	 11–13,	 present	 the	
Young’s	moduli	for	polymer-nanotube	composite	materials	
incorporating	varying	concentrations	of	(5,5)	Armchair	and	
(9,0)	 Zigzag	 single-walled	 carbon	 nanotubes	 (SWCNTs).	
These	results	illustrate	the	changes	in	composite	stiffness	as	
nanotube	content	 increases	 from	11%	to	20%.	Notably,	 a	
substantial	 enhancement	 in	 the	 Young’s	 modulus	 of	 the	
reinforced	PMMA	is	observed,	indicating	a	marked	increase	
in	 the	 material’s	 stiffness	 with	 higher	 nanotube	
concentrations.	

When	 incorporating	11%	concentration	of	 (5,5)	Armchair	
SWCNTs	into	a	PMMA	matrix,	a	substantial	increase	in	the	
axial	Young's	modulus	E,,	is	observed,	reaching	a	value	of	
1.44E11	Pa.	Doubling	 the	nanotube	concentration	 to	20%	
further	enhances	the	axial	Young's	modulus,	bringing	it	to	
2.86258E11	 Pa.	 A	 similar	 trend	 is	 noted	 for	 PMMA	
reinforced	 with	 (9,0)	 Zigzag	 SWCNTs	 at	 11%,	 where	 the	
Young's	modulus	E,,	reaches	1.45656E11	Pa.	Increasing	the	
nanotube	concentration	to	20%	results	in	a	further	increase	
in	the	axial	Young's	modulus,	now	reaching	2.72168E11	Pa	
(see	Table	7,	8	and	Figure	11).	

The	analysis	of	Young's	modulus	E11	along	the	y-direction	
indicates	 that	 an	 increase	 in	 the	 concentration	 of	 (5,5)	
armchair	single-walled	carbon	nanotubes	(SWCNTs)	within	
a	PMMA	nanocomposite	matrix	enhances	its	stiffness.	At	a	
concentration	 of	 11%	 (5,5)	 armchair	 SWCNTs,	 E11	 is	
measured	at	2.59923E9	Pa.	Increasing	the	concentration	to	
20%	results	in	a	significant	increase	in	E11	to	1.00E10	Pa.	In	
comparison,	 PMMA	 reinforced	 with	 11%	 (9,0)	 zigzag	
SWCNTs	yields	a	Young's	modulus	of	2.45526E9	Pa,	which	
rises	to	9.914E9	Pa	at	a	20%	concentration	(refer	to	Tables	
7,	8	and	Figure	12).	

Tables	 9–10	 and	 Figures	 14–16	 below	 provide	 a	
comparative	 analysis	 of	 the	 shear	 moduli	 of	 PMMA	
reinforced	with	 two	 different	 types	 of	 carbon	 nanotubes:	
(5,5)	Armchair	and	(9,0)	Zigzag	SWCNTs.	

The	 shear	moduli	 of	 the	nanocomposite	materials	 exhibit	
significant	 variations	 as	 the	 concentration	 of	 SWCNTs	
changes.	 Specifically,	 at	 a	 11%	 concentration	 of	 (5,5)	
Armchair	 SWCNTs,	 the	 shear	 modulus,	 𝐺02,	 of	 the	
nanocomposite	is	measured	at	1.75422E9	Pa,	representing	
a	 notable	 increases.	 Increasing	 the	 concentration	 to	 20%	
raises	the	shear	modulus	to	2.98686E9	Pa.	A	similar	trend	
is	observed	when	introducing	11%	of	(9,0)	Zigzag	SWCNTs	
into	 PMMA	 matrix,	 resulting	 in	 a	 shear	 modulus,	 G,1,	 of	
1.76054E9	 Pa.	 With	 a	 subsequent	 increase	 to	 20%	
concentration,	 the	 shear	modulus	 increases	 to	2.99318E9	
Pa	(refer	to	Tables	9–10	and	Figure	14).

Table	7.	Young’s	Moduli	of	nanocomposite	PMMA-(5,5)	
Armchair,	Cell	Periodicity	

VF	(%)	 𝑬𝒙𝒙	(Pa)	 𝑬𝒚𝒚	(Pa)	 𝑬𝒛𝒛	(Pa)	
0.11	 1.44000E11	 2.59923E9	 6.39162E9	
0.12	 1.61323E11	 3.217E9	 6.69813E9	
0.13	 1.74773E11	 3.81382E9	 7.02238E9	
0.14	 1.88886E11	 4.52058E9	 7.32003E9	
0.15	 2.03000E11	 5.24567E9	 7.68861E9	
0.16	 2.16734E11	 5.9341E9	 8.0306E9	
0.17	 2.30516E11	 6.71416E9	 8.38144E9	
0.18	 2.44629E11	 7.45757E9	 8.75002E9	
0.19	 2.58742E11	 8.3083E9	 9.1452E9	
0.20	 2.86258E11	 1.000E10	 9.96976E9	

	

Table	8.	Young’s	Moduli	of	nanocomposite	PMMA-(9,0)	
Armchair,	Cell	Periodicity	

VF	(%)	 𝑬𝒙𝒙	(Pa)	 𝑬𝒚𝒚	(Pa)	 𝑬𝒛𝒛	(Pa)	
0.11	 1.45656E11	 2.45526E9	 6.32069E9	
0.12	 1.59868E11	 3.08873E9	 6.63607E9	
0.13	 1.73503E11	 3.72482E9	 6.94385E9	
0.14	 1.87667E11	 4.35829E9	 7.26810E9	
0.15	 2.01926E11	 5.1017E9	 7.61009E9	
0.16	 2.15898E11	 5.82678E9	 7.95207E9	
0.17	 2.29870E11	 6.55187E9	 8.32065E9	
0.18	 2.43985E11	 7.34763E9	 8.68036E9	
0.19	 2.58197E11	 8.12768E9	 9.06541E9	
0.20	 2.72168E11	 9.914E9	 9.89623E9	

Table	9.	Shear	Moduli	of	nanocomposite	PMMA-(5,5)	Armchair,	
Cell	Periodicity	

VF	(%)	 𝑮𝒙𝒚	(Pa)	 𝑮𝒙𝒛	(Pa)	 𝑮𝒚𝒛	(Pa)	
0.11	 1.75422E9	 1.75422E9	 1.45936E9	
0.12	 1.85769E9	 1.85453E9	 1.51930E9	
0.13	 1.96071E9	 1.95755E9	 1.57611E9	
0.14	 2.07638E9	 2.07006E9	 1.63774E9	
0.15	 2.19251E9	 2.18302E9	 1.69936E9	
0.16	 2.30818E9	 2.29869E9	 1.76436E9	
0.17	 2.43334E9	 2.43018E9	 1.82598E9	
0.18	 2.56167E9	 2.55218E9	 1.89772E9	
0.19	 2.70219E9	 2.68954E9	 2.03445E9	
0.20	 2.98686E9	 2.98053E9	 2.1128E9	

	

Table	10.	Shear	Moduli	of	nanocomposite	PMMA-(9,0)	Armchair,	
Cell	Periodicity	

VF	(%)	 𝑮𝒙𝒚	(Pa)	 𝑮𝒙𝒛	(Pa)	 𝑮𝒚𝒛	(Pa)	
0.11	 1.76054E9	 1.86085E9	 1.44107E9	
0.12	 1.86673E9	 1.96387E9	 1.49932E9	
0.13	 1.97336E9	 2.07955E9	 1.55276E9	
0.14	 2.08271E9	 2.19251E9	 1.61102E9	
0.15	 2.19522E9	 2.31451E9	 1.67433E9	
0.16	 2.31722E9	 2.44238E9	 1.73595E9	
0.17	 2.44238E9	 2.56167E9	 1.79758E9	
0.18	 2.57071E9	 2.71168E9	 1.85776E9	
0.19	 2.70536E9	 2.85266E9	 1.92612E9	
0.20	 2.99318E9	 2.98686E9	 2.06599E9	
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Figure	11.	Young’s	moduli	in	X-direction	

	

Figure	12.	Young’s	moduli	in	Y-direction	

	

Figure	13.	Young’s	moduli	in	Z-direction	

	

Figure	14.	Shear	moduli	in	XY-direction	

	

Figure	15.	Shear	moduli	in	YZ-direction	

	

Figure	16.	Shear	moduli	in	XY-direction

This	trend	persists	when	examining	the	shear	modulus,	G13,	
of	 the	 nanocomposite.	 At	 a	 11%	 concentration	 of	 (5,5)	
Armchair	 SWCNTs,	 this	 shear	modulus	 is	 1.45936E9	 and	
increasing	the	concentration	to	20%	raises	it	has	the	value	
of	 2.1128E9	 Pa.	 For	 PMMA	 reinforced	with	 11%	 of	 (9,0)	

Zigzag	SWCNTs,	the	shear	modulus,	G13,	is	1.44107E9	Pa	at	
a	11%	concentration,	and	it	increases	to	2.06599E9	Pa	at	a	
20%	concentration	of	(9,0)	Zigzag	SWCNTs	(refer	to	Tables	
9–10	and	Figure	15).	
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Similarly,	 when	 analyzing	 the	 shear	 modulus,	 G,3,	 for	
PMMA,	at	a	11%	concentration	of	(5,5)	Armchair	SWCNTs,	
it	measures	1.75422E9	Pa,	and	this	value	rises	to	2.98053E9	
Pa	with	 a	 20%	 concentration.	 For	 PMMA	 reinforced	with	
11%	 of	 (9,0)	 Zigzag	 SWCNTs,	 the	 Shear	 modulus,	 G,3,	 is	
1.86085E9	 Pa	 at	 a	 10%	 concentration	 and	 increases	 to	
2.98686E9	Pa	at	a	20%	concentration	 (see	Figure	16	and	
Tables	9–10).	

4. VERIFICATION	OF	AXIAL	YOUNG’S	MODULUS	

The	Rules	of	Mixtures	(ROMs)	are	useful	for	predicting	the	
properties	 of	 the	 composite	 materials,	 where	 the	
constituents	are	macroscopic	and	exhibit	well-defined	bulk	
properties.	 However,	 for	 nanocomposites	 which	 contain	
nanoparticles	 or	 nanofillers	 dispersed	 within	 a	 matrix	
material,	these	rules	often	fall	short	in	predicting	the	elastic	
properties	 accurately	 for	 several	 reasons:	 Size	 effects,	
interface	 effects,	 distribution	 and	 agglomeration,	
nanoparticle	shape	and	quantum	mechanical	effects.	

ROM	 typically	 predicts	 the	 Young’s	 modulus	 in	 the	
longitudinal	(or	axial)	direction	of	the	composite	material,	
not	 the	 transverse	 direction.	 Young’s	 modulus	 in	 the	
longitudinal	direction,	𝐸00 ,	represents	the	material	stiffness	
along	the	axis	aligned	with	the	predominant	orientation	of	
the	 reinforcing	 phase	 in	 the	 composite.	 The	 prediction	 of	
𝐸00	using	ROM	is	based	on	the	assumption	that	the	overall	
stiffness	 of	 the	 composite	 is	 proportional	 to	 the	 volume	
fractions	 and	 stiffness	 of	 the	 individual	 constituents.	 The	
formula	for	predicting	𝐸00	using	ROM	as:	

𝐸89:;9<=6> =	𝑣?@6 × 𝐸00?@6 + (1 − 𝑣?@6) × 𝐸:	 (8)	

Here	𝐸00?@6	accounts	for	the	longitudinal	Young’s	modulus	of	
the	 carbon	nanotube,	𝑣?@6	 for	 the	volume	 fractions	of	 the	
reinforcing	 phase	 (e.g.,	 SWCNTs)	 and	𝐸:	for	 the	 Young’s	
modulus	of	the	matrix	phase,	respectively.	It	is	important	to	
note	that	such	a	prediction	is	specifically	for	the	stiffness	in	
the	direction	aligned	with	the	reinforcing	phase.	To	predict	
the	transverse	Young’s	modulus,	𝐸22,	or	other	properties	in	
different	directions,	we	would	need	to	consider	additional	
factors,	 such	 as	 the	 arrangement	 and	 orientation	 of	 the	
reinforcing	 phase,	 the	 interfacial	 properties	 and	 the	
microstructure	 of	 the	 nanocomposite.	 In	many	 cases,	 the	
experimental	 characterization	 is	 necessary	 to	 accurately	
predict	properties	in	different	directions	or	under	different	
loading	conditions.	

In	 the	 provided	 Figures	 17–20	 and	 Tables	 11,	 the	 axial	
Young’s	modulus	 is	graphically	presented	as	a	 function	of	
the	volume	fraction.	These	figures	and	tables	are	the	result	
of	simulations	and	rules	of	mixture	(ROM)	to	estimate	the	
axial	 Young’s	 modulus	 for	 different	 volume	 fractions	 of	
nanoscale	composite.	

These	 graphs	 illustrate	 how	 the	 axial	 Young’s	 modulus	
varies	 with	 changes	 in	 the	 volume	 fraction,	 providing	
valuable	 insights	 into	 the	 mechanical	 behavior	 of	 the	
nanoscale	composite	under	an	axial	displacement	traduced	
by	equation	(3).	This	data	is	crucial	for	understanding	the		
	

	

Figure	17.	Axial	Young's	moduli	in	low-concentration	of	(5,5)	
armchair	carbon	nanotube-reinforced	PMMA	

	

Figure	18.	Axial	Young's	moduli	in	low-concentration	of	(9,0)	
zigzag	carbon	nanotube-reinforced	PMMA	

	

Figure	19.	Axial	Young's	moduli	in	high-concentration	of	(5,5)	
armchair	carbon	nanotube-reinforced	PMMA	
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Table	11.	Axial	Young's	moduli	in	low-concentration	cell	
periodicity	vs	rules	of	mixture	(ROM)	

VF	(%)	 PMMA-(5,5)	armchair	nanocomposite	
Cell	Periodicity	 ROM	

0.01	 1.78320𝐸10	 1.54821E10	
0.02	 3.11143E10	 2.99362E10	
0.03	 4.49340E10	 4.38012E10	
0.04	 5.87537E10	 5.76663E10	
0.05	 7.28453E10	 7.16672E10	
0.06	 8.72994E10	 8.58042E10	
0.07	 1.00802E11	 9.9488E10	
0.08	 1.14894E11	 1.13489E11	
0.09	 1.29348E11	 1.27807E11	
0.10	 1.43439E11	 1.41491E11	
VF	(%)	 PMMA-(9,0)	zigzag	nanocomposite	
0.01	 1.79619𝐸10	 1.6155E10	
0.02	 3.14314E10	 3.03938E10	
0.03	 4.58855E10	 4.48128E10	
0.04	 6.02943E10	 5.84208E10	
0.05	 7.44312E10	 7.23442E10	
0.06	 8.85228E10	 8.64479E10	
0.07	 1.02660E11	 1.00552E11	
0.08	 1.16479E11	 1.1461E11	
0.09	 1.30868𝐸11	 1.28398E11	
0.10	 1.45025E11	 1.42006E11	
0.20	 2.72168E11	 2.69672E11	

	
relationship	between	the	volume	fraction	and	the	material	
prediction	of	Young’s	modulus	values	across	a	range	of	the	
stiffness,	which	is	vital	in	materials	science	and	engineering	
applications.	 The	 simulations	 and	 ROM	 enable	 us	 the	
volume	fractions,	aiding	 in	the	design	and	optimization	of	
materials	 with	 specific	 mechanical	 properties.	 The	 axial	
Young’s	modulus	given	by	Comsol	Code	and	the	one	given	by	
ROM	 equation	 (9)	 are	 almost	 the	 same	 for	 both	
nanocomposite	reinforced	by	(5,5)	Armchair	SWCNTs	and	
nanocomposite	reinforced	by	(9,0)	Zigzag	SWCNTs,	because	
in	the	direction	of	the	carbon	nanotube	orientation	which	
means	 under	 axial	 loading	 given	 by	 the	 equation	 (3),	 the	
interface	effects,	the	size	effect	and	the	nanoparticle	shape	
are	less	important.	

Finally,	 the	 other	 constants	 stiffness	 cannot	 be	 checked	
using	ROM,	because	the	geometric	effect	 is	very	large	and	
ROM	does	not	take	into	account	the	geometric	parameters	
quoted	previously.	

5. CONCLUSION	

Based	 on	 the	 results	 pointed	 out	 above,	we	 can	 conclude	
that	 both	 PMMA	 reinforced	with	 (5,5)	Armchair	 SWCNTs	
compared	to	the	pure	PMMA	matrix.	The	analysis	of	three-
dimensional	 representative	 volume	 elements	 using	
COMSOL	Multiphysics®	Software	revealed	that	the	addition	
of	carbon	nanotubes	as	reinforcement	significantly	affects	
the	elastic	behavior	of	the	nanocomposites.	For	the	PMMA	
nanocomposite	reinforced	with	(5,5)	Armchair	single	wall	
carbon	nanotubes,	it	was	observed	that	the	elastic	modulus	
in	all	three	directions	(x,	y,	and	z)	increased	with	increasing	
volume	fraction	of	the	carbon	nanotubes.	This	indicates	that	
the	 presence	 of	 (5,5)	 Armchair	 single	 wall	 carbon	
nanotubes	 enhances	 the	 stiffness	 of	 the	 nanocomposite	

material.	Similarly,	the	shear	modulus	in	the	XY,	YZ,	and	ZX	
planes	also	exhibited	an	increasing	trend	with	the	addition	
of	carbon	nanotubes.	In	the	case	of	PMMA	nanocomposite	
reinforced	with	(9,0)	Zigzag	SWCNTs,	 the	elastic	modulus	
and	 shear	modulus	also	 showed	an	 increasing	 trend	with	
increasing	 volume	 fraction	 of	 the	 carbon	 nanotubes.	
However,	 the	 rate	 of	 increase	 was	 slightly	 different	
compared	 to	 the	 (5,5)	 Armchair	 SWCNTs	 reinforcement.	
The	(9,0)	Zigzag	SWCNTs	contributed	to	an	improvement	in	
the	effective	elastic	properties	of	the	nanocomposite,	albeit	
with	a	different	magnitude	than	the	(5,5)	Armchair	single	
wall	 carbon	 nanotubes.	 These	 findings	 suggest	 that	 the	
choice	 of	 carbon	 nanotube	 reinforcement,	 whether	 (5,5)	
Armchair	 or	 (9,0)	 Zigzag	 nanotubes,	 can	 influence	 the	
resulting	 effective	 elastic	 properties	 of	 PMMA	
nanocomposites.	

As	we	have	seen	above,	the	specific	structure	and	symmetry	
of	the	carbon	nanotubes	play	a	crucial	role	in	determining	
the	extent	of	improvement	in	mechanical	properties	of	the	
nanocomposite.	

We	emphasize	that	the	choice	of	(5,5)	Armchair	and	(9,0)	
Zigzag	 SWCNTs	 in	 our	 numerical	 simulation	 is	 not	
restrictive,	but	one	can	also	choose	other	values	of	indices	
(m,n).	Qualitatively,	the	conclusions	are	the	same.	

Finally,	in	this	work,	we	have	not	examined	nanocomposites	
with	dispersed	 chiral	 SWCNTs.	 The	 reason	 for	 that	 is	 the	
fact	 that	 these	nanotubes	are	 isotropic	 from	a	mechanical	
point	of	view.	
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