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Abstract: In this paper, the joint distribution functions for simultaneous velocity, temperature,
concentration fields in turbulent flow undergoing a first order reaction in presence of Coriolis
force have been studied. The various properties of the constructed joint distribution functions have
been discussed. The transport equations for one and two point joint distribution functions of
velocity, temperature, concentration in convective turbulent flow due to first order reaction in
presence of Coriolis force have been derived.
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1 Introduction

In molecular kinetic theory in physics a particle's distribution function is a function of seven
variables, f (X, Y, Z,Vy, Vy , Vz) which gives the number of particles per unit volume in phase

space. It is the number of particles per unit volume having approximately the
velocity (V,V,,V ;) near the place (X, Y, Z) and timet . The distributions function as used in

physics. Particle distribution functions are often used in plasma physics to describe wave-particle
interactions and velocity-space instabilities. Distribution functions are also used in fluid mechanics,
statistical mechanics, fluid and nuclear physics. In the past, several researchers discussed the
distribution functions in the statistical theory of turbulence. G. K. Batchelor [1] studied the theory
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of homogeneous turbulence. Lundgren [2] derived the transport equation for the distribution of
velocity in turbulent flow. Bigler [3] gave the hypothesis that in turbulent flames, the thermo
chemical quantities can be related locally to few scalars and considered the probability density
function of these scalars. Kishore [4] studied the distributions functions in the statistical theory of
MHD turbulence of an incompressible fluid. S. B. Pope [5] studied the statistical theory of
turbulence flames. Also, Pope [6] derived the transport equation for the joint probability density
function of velocity and scalars in turbulent flow. Kollman and Janica [7] derived the transport
equation for the probability density function of a scalar in turbulent shear flow and considered a
closure model based on gradient flux model. Kishore and Singh [8] derived the transport equation
for the bivariate joint distribution function of velocity and temperature in turbulent flow.
Also Kishore and Singh [9] have been derived the transport equation for the joint distribution
function of velocity, temperature and concentration in convective turbulent flow. The Coriolis force
helps to clarify the relation between angular momentum and rotational kinetic energy and how an
inertial force can have a significant affect on the movement of a body and still without doing any
work. On a rotating earth the Coriolis force acts to change the direction of a moving body to the
right in the Northern Hemisphere and to the left in the Southern Hemisphere. This deflection is not
only instrumental in the large-scale atmospheric circulation, the development of storms, and the
sea-breeze circulation Atkinson [10], it can even affect the outcome of baseball tournaments. Also
a first-order reaction is defined a reaction that proceeds at a rate that depends linearly only on one
reactant concentration. Later, some researchers extended their works including Coriolis force. In
the continuation, Azad and Sarker [11] studied the Statistical theory of certain distribution
functions in MHD turbulence in a rotating system in presence of dust particles. Sarker and Azad
[12] studied the decay of MHD turbulence before the final period for the case of multi-point and
multi-time in a rotating system. Sarker and Azad [13], Azad and Sarker [14] deliberated the decay
of temperature fluctuations in homogeneous turbulence before the final period for the case of multi-
point and multi- time in a rotating system and dust particles. Azad and Sarker [15] discussed the
decay of temperature fluctuations in MHD turbulence before the final period in a rotating system.
Also, Azad et al. [16], Sarker et al. [17], Azad et al. [18], Aziz et al. [19], Azad et al. [20]
discussed the First Order Reactant in MHD turbulence before the final period of decay for the case
of multi-point multi-time and multi -point single time considering rotating system and dust
particles. Following the above researchers, Aziz et al. [21, 22], Azad et al. [23] had further studied
the statistical theory of certain distribution functions in MHD turbulent flow for velocity and
concentration considering first order reaction with a rotating system and dust particles. Aziz et al.
[24] extended their study for the first order reactant in MHD turbulence before the final period of
decay for the case of multi-point and multi-time in a rotating system in presence of dust particle.
Sarker, Bkar Pk and Azad[25] studied the hhomogeneous dusty fluid turbulence in a first order
reactant for the case of multi -point and multi -time prior to the final period of decay. Azad, Molla
and Z. Rahman, [26] studied the transport equatoin for the joint distribution function of velocity,
temperature and concentration in convective tubulent flow in presence of dust particles. Molla,
Azad and Z. Rahman [27] discussed the decay of temperature fluctuations in homogeneous
turbulenc before the finaln period in a rotating system. Bkar et al. [28], Bkar et al. [29, 30]
premeditated the first-order reactant in homogeneous dusty fluid turbulence prior to the ultimate
phase of decay for four-point correlation considering rotating system. Bkar P.K., et al. [31, 32] had
studied the decay of MHD turbulence before the final period for four- point correlation among dust
particle and rotating system. M. H. U. Molla et al. [33] studied the transport equation for the joint
distribution function of velocity, temperature and concentration in convective turbulent flow in
presence of Coriolis force.

But at this stage, one is met with the difficulty that the N-point distribution function depends upon
the N+1-point distribution function and thus result is an unclosed system. This so-called closer
problem is encountered in turbulence, Kinetic theory and other non-linear system.
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In this paper, we have studied the joint distribution function for simultaneous velocity, temperature,
concentration fields in turbulent flow in presence of Coriolis force undergoing a first order reaction.
Finally, the transport equations for evolution of distribution functions have been derived and
various properties of the distribution function have been discussed.

2 Methodology
2.1 Basic equations

The equation of motion and field equations of temperature and concentration in presence of
Coriolis force are shown by

o ax’
By M 0ol 0 {ua(xzt)g.ua(xgt)} b Dy a0, @)
ot g Oxp 0 470X Xy 5 = xg| Oy g
%waﬁ:fiig' 2
ot Xy Xy O,y
oc oc 0 0
—+u, =D c-Rc, (3)
ot X g X5 OX g

where u and x are vector quantities in the whole process. u, (X, t) = Fluctuating velocity
component, 8 (x, t) =Temperature fluctuation, ¢ = Concentration of contaminants, v = Kinematics
viscosity, f= Coefficient of thermal conductivity, D= Diffusive coefficient for contaminants,

€mep = Alternating tensor, Qm: Angular velocity of a uniform rotation, R=constant reaction
rate.

Formulation of the problem

We consider the turbulence and the concentration fields are homogeneous, also consider a large
ensemble of mixture of miscible fluids in which each member is an infinite incompressible heat
conducting fluid in turbulent state. The fluid velocity u, temperature 6 and concentration ¢ are
randomly distributed functions of position and time and satisfy their field equations. Different
members of ensemble are subjected to different initial conditions and the aim is to find out a way
by which we can determine the ensemble averages at the initial time. The present aim is to
construct a joint distribution functions, study its properties and derive an equation for its evolution
of this joint distribution functions in presence of Coriolis force undergoing a first order reaction.

Joint distribution function in convective turbulence and their properties

It may be considered that the fluid velocity u, temperature 0, concentration c at each point of the
flow field in turbulence. Lundgren (1967) and Sarker and Kishore (1991, 1999) has studied the
flow field on the basis of one variable character only (namely the fluid u) but we can study it for
two or more variable characters as well. The corresponding to each point of the flow field, we have

three measurable characteristics. We represent the three variables by v, and v and denote the
pairs of these variables at the points x%, x@ - _ xM) as (v(l),qﬁ(l),y/(l)), (v(2)1¢(2)’,//(2)),
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...... , (v(”),qﬁ("),z//(”)) at a fixed instant of time. It is possible that the same pair may be occurring

more than once; therefore, we simplify the problem by an assumption that the distribution is
discrete (in the sense that no pairs occur more than once). Instead of considering discrete points in
the flow field if we consider the continuous distribution of the variables and y over the entire flow
field, statistically behaviour of the fluid may be described by the distribution function F(V,¢,(//)

which is normalized so that
[F(v,4,)dvdgdy =1,

where the integration ranges over all the possible values of v, ¢ and y. We shall make use of the

same normalization condition for the discrete distributions also. The joint distribution functions of
the above quantities can be defined in terms of Dirac Delta-functions.

The one-point joint distribution function Fl(l)(V(l),¢(l),l//(1)) is defined in such a way that
Fl(l)(v(l),¢(1),y/(1))dv(1)d¢(1)dy/(1) is the probability that the fluid velocity, temperature and
concentration field at a time t are in the element dv® about v, dg¢® about ¢ and dy @

abouty/(l) respectively and is given as

Fl(l) (V(l), ¢(l):‘//(1))= (6(u 1 V(l))é‘(g(l) _ ¢(1))5(C(1) _ V/(l) )> , 4)

where, J is the Dirac delta-function defined as:

otherwise.

__ {1, atthe pointu=v,
Jo(u-v)dv={§
Two-point joint distribution function is given by
e - <5<u(1) _V(1)>5(g(1) _ ¢(1))5(C(1) _ ,/,(1)) 5(u(2) _V<2>)5(9<2) _ (/,<2>) 5(C<2> _,/,<2>)> ’ (5)
and three point distribution functions is shown by

F3(1'2'3) _ <§(u(1) _V(l))§(9(1) _ ¢(1))5(C(1) —l//(l)) é‘(u(z) _V(Z))é‘(e(z) _¢(2))

y 5(C<z> _,/,<z>) 5(u<3) _V<3)) 5(9@) _ (pm) 5(0(3) _ ‘//(3))>- ©)

Similarly, we can define an infinite numbers of multi-point joint distribution functions F4(l’2’3‘4),

F5(1’2’3’4’5) and so on. The joint distribution functions so constructed have the following

properties:
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(A) Reduction properties

Integration with respect to pair of variables at one-point, lowers the order of distribution function
by one. For example:

| Fl(l)dv(l) d ¢(1) d '//(1) =1,
IFZ(l‘z)dV(z) d¢(2) dl//(z) - F1(1)1
_[F3(1‘2'3}dv(3) d¢(3) dw(3) - |:2(1v2)‘

and so on.

Also the integration with respect to any one of the variables reduces the number of Delta-functions
from the distribution function by one as:

J'Fl(l)dv(l) _ <§(9(1) _ (/](1)> 5<C(1) _ (//(1) )>,
| Fl(l)dga(l) _ <5(U(1) _ V(l)) 5((:(1) _ l//(l) )>’

and

J' |:2(1’2)dv(2) — <5(9(1) _ ¢(1)) 5(0(1) _ l//(l) )5(@(2) _ ¢(2)) 5(0(2) _ V/(Z))> '
and so on.
(B) Separation properties

The pairs of variables at the two points are statistically independent of each other if these points are
far apart from each other in the flow field i.e.,

- 02 _ O )
\X@L)'_T(l)‘% P =RTRT

and similarly,

Lim  FE*9=FME® etc.

‘X(S)—X(Z)‘ -

(C) Coincidence property

When two points coincide in the flow field, the components at these points should be obviously the
same that is F,* 2 must be zero. Thus:
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VO ) 4@ 40 ang @ 2,0

1,2

But also F,"? must have the property

[Fay@ dg@ dy, @ = g0,
And hence it follows that:

Lim Fz(l’z) — |:l(1) 5(\,(2) _ V(l) )5(¢(2) _ ¢(1))5(,/,(2) _l/,(l))_

‘X(Z)_x(l)‘ S

Similarly

Lim |:3(1’2x3) — Fz(l'z) 5(\,(3) —V(l))5(¢(3) _ ¢(1))5(,/,(3) _ l//(l)) etc.

‘X(3 x 2)‘ 0

Continuity equation in terms of distribution functions

An infinite number of continuity equations can be derived for the convective turbulent flow and the
continuity equations can be easily expressed in terms of distribution functions and are obtained
directly by divu=0.

<Z“§> < a(l) u® J'Fl(l)dv(l)d¢,(1)d,/,(l)>: 65(1) <ug> J'Fl(l)dv(”dgo(l)dl//u)>
xa OX,, X
()R avago

gy -0

a

J'V 1)dv(1)d (D(l)dl//(l), (7

and similarly

oF Y
I oxW

#WavWdgWdy® =0, ®)

which are the first order continuity equations in which only one point distribution function is
involved. For second-order continuity equations, if we multiply the continuity equation by

§(u (2) _V(z))5(9(2) _ ¢(2)) 5((;(2) _ ‘//(2)) )

And if we take the ensemble average, we obtain:
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<D (ol ) o -y ol ) -]
XO!
%J.v FAdvWdglay ), )
X
and similarly, 0= 6755 (IRl gy 0, )

The Nth-order continuity equations are

0 .
0=—7 VIR MavWdg Uy, O, (11)
and
= 6Xg) 1)|:'\(11'2f" N)dV(l)d¢(1)d ,/,(l) ) (12)

The continuity equations are symmetric in their arguments i.e.

(13)

Since, the divergence property is an important property and it is easily verified by the use of the
property of distribution function as:

)
0 1 OE® 4 0404,0 0 [/ @\ _ [N\ _
axg})jv”‘ FavWdgWdy ‘axg><““>‘ o -0, (14)

and all the properties of the distribution function obtained in section (4) can also be easily verified.

Equations for the evolution of joint distribution functions
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This, in fact is done by making use of the definitions of the constructed distribution functions, the
transport equation for F(V, o, X,t) is obtained from the definition of F and from the transport
equations (1), (2), (3). Differentiating equation (4) we get,

at o a

+< B(u-v)s(c8 -y ) % (6" - g0(1>)> N <5(uu) 0)5(g - gt % (e _l//(l))>

:<_5(9(l>_¢<1J)5(C<1>_,/,u))5;§) % 5(uu)_vu))> (15)

+<_5(u(1) _V(1))5(C(1) _V,(l))ag:l) 82(1) 5(0(1) _¢<1))>
+<_5(u(1)_V(l))(g(@(l)_(p(l))agt(l)alj(l)(;(c(l)_wu))>

Using equation (1), (2) and (3) in the equation (15) we get

Opn_ 0 <5(u(1)_v(1))5(9(1)_¢(1))§(C(1)_W(1))>:<5(9(1)_¢(1))5(c(1)_W(l));5(u(1)_v(1))>

wouy 0 ¢ 1 23 |@ 0 o
~Ue @ ‘axmj 2z ox® |V @ U
Opw_ ~5(6% - %) 5(c -y ) r s s 0 5(u —v)
ot 1 dX(Z) P 0 av(l)
T Y el ~ 26 Al |
‘xﬂ - X ‘ OXj;’ OX;
oY 8 @ d
+<‘5(“(D“’(1))5("(1) ‘/’(1)){_ : o @ o . PP 5(6" - ")
B
o
—s5(u® —v®)s(gY — o®)) _ v 0 0 0l 9 g(c®_,0)_Rpe®
oot oo D By,
4 /4 B
LR sl go)sfe ) 0 st y)
axﬂ(ﬂ vl
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p 4 a

+< _ 5(9(1) _ (0(1))5(C(1) _‘//(1)) 2 €nap Qmug)wé‘(um _V(l))>

+< 6(u(1) - )5(0(1) - l//(l)) f[@)iﬂ” 6’5}” ]6’(1) aj“) 6(6(1) - (p(l)) > (16)
o 0 0

+<5(U(1) _V(l))é‘(g(l) _(p(l)) [axg) 6)(}31)] @ a‘//(l) 5(0(1) —l//(l))>

Various terms in the above equation can be simplified as that they may be expressed in terms of
one point and two point distribution functions. The 2", 3 and 4" terms on the left hand side of
the above equation are simplified in a similar fashion and take the forms as follows

ox) vt
® ()
_ < 5(69 - )5 (ct -y ) u ajg) 5 )> { 2350 - _1}
W
< 5u v ®)s(e -y @)y me . 5(1) 50w — gt )>
’ (18)
- < Su® —v®)s(c® -y @)y ® . f(l) slow - ¢<1>)>,
B
and
o o
<_ S ol 0 ey >
’ (19)

Adding equation (17), (18) and (19) we get,
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( il) slow - ¢(1))>

8x2

:631)<u§>(5(u<1> Vo) 5(0 - (1))5(c<1>_,7,,<1>))>,

aa(l vVOE®, [ Applying the properties of distribution function]

(20)

Va ax(l)

We reduce the 5" and 6™ terms on left hand side of equation (16),

(2)
509 - g)s(c - ) _875? i [ ajx%ajx%uy 2‘2)\xﬂdx_—ﬂxﬁ\ 56(7 S(u® —v®)

(21)

(22)

We reduce the 7" term on left hand side of equation (16),
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<_5(9<1>_¢,(1>)5(C(1)_y,<1>)26mﬂ Qmug)%5(u(1)_v<1>)>

o
1 a 1 1 1 1 1 1
:<26maﬂ Qmua)m[g(u()—V())5(9()—(/7())5((3()—1//()) }>’
“ (23)
€np O - <u (9(1) _ q)(l)) 5(c(1) _,/,a)) >
ou <1> ®) 5(c®
—2¢,, Qmavﬁj <5 ~")5(c? -y )> 2e,, 0 F
Similarly, 8", 9" and 10™ terms of left hand side of (16) can be simplified as follows:
o 0 0
s ) )
X X (24)
_ 9 ! o 0 [ #2120 lag?)ay @)
YN l? xP ox? 2 v
(U —v)s(o% - o D( a 51] 0_0_5(ct _y® >
L B e e .
o . 0 0 . @E02g2 4,2y
"oyt xt!‘LrTx}'Dax‘;) ax§f>I FrvTdeTdy
0 0
and <— su® —v®)s(eW - g )Rc® Wa(c o_ 1//(1))> ——Ry® PV (26)

Substituting the results (20) (26) in equation (16), we get the transport equation for one point

distribution function F (v o, 1//) in turbulent flow in a rotating system undergoing a first order
reaction

2
oFrY woRY o 1 0 0 2_0 12) 4y (D 4@ 4 (2) ()
+V, + Vv F,-7dx“dvi” de'” dy
at oxy avgj) 4;;j X X = x| x|

0 - 0

(2)p(2) (2)d (2
+av(1) X(zL)LT(l) 6X(2 ox (2 jv F, dv'* d(p dy
o . 0 (2)(1.2) (2)y,,(2) (27)
o I X ox <2> Jo? R av P doMdy
0 . 0

AEL)4vDd @ dw?
+ay/(1)x‘!7LrTx]‘l>Dax2)ax j F7dvi@de “dy

+2 €, O RY —Ry® 9 FY =0.
oy!
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Similarly, a transport equation for two-point distribution function Fz(l’z)in turbulent flow in

rotating system undergoing a first order reaction can be derived by differentiating equation (5) and
using equation (1),(2),(3) and simplifying in the same manner which is

_ -
1 I d d B0
4z | oxB) ‘x(l) - x(ﬁs)‘ ox)
12
oF} )+ V00 9 a2 O | F023)3,®),0) 440 gy ©)
ot “ ax(,}) “ axg') v
2
o |_1 0 0 @_0 | p0294,030® 4o duy®
— v F,-7dxYdv? de™ d
6V!(12) 4”_.' [6X22)|X22)_X§;3)|J[ P 6XS)] 3 ¢ ay

+f [ le e I¢(3) Fa(l’z's)dv(3)d ody (29)

9 . o 0 0 [ @p2346d O, 0
+D[6W XLLr2)+6W(2)X(3|,—LnXL)] ) xf)jw R JdvPd g dy

+2 €y Q FY — Ry @ —

Continuing this way, we can derive the equations for evolution of F*% F~234) and so
on. Logically, it is possible to have an equation for every F, (n is an integer) but the

system of equations so obtained is not closed. It seems that certain approximations will be
required thus obtained.

3 Results and Discussion

If the reaction rate R=0, the transport equation for one point joint distribution function
Fl(l) (V, @, 1//) in turbulent flow undergoing a first order reaction, equation (27) becomes

2
oY woRY o | 1. 8 o @ 0 | ey @42 442 4,
P ax(ﬂl”avfll) _EJ axﬁhi‘xg)_x(z)‘ Vg, Tax; Fyr2dxdv'? dg' dy

X —)X

0 0
+W im VTT?J.V 2) lde d¢
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0 0 [ @2y @424,
+ ©) 11>fﬁi(ﬂj¢ R, dvide™dy
09" « Oxy’ OXy
PR (29)
in 9 0 [ @Edy, 2y (2 _
+ay/(”x'i!TLrTx](1>Daxf) axff)JW Fodvi7dedy +2¢€,,, QR =0,

which was obtained earlier by M.H.U. Molla [33].

In the absence of the Coriolis force, Q,, =0, then the transport equation for one point joint

distribution function Fl(l) (V, @, l//) in turbulent flow equation (26) becomes

oFY Ry o 11 o 0 [

2
@0 | £02gy@ @ 42 gy, 2
|| | ————= IV F>“dx'“dv'” de'” d
ot o el ard | o ‘x(ﬁl)—x(;)‘ 2)] i v

@ Al
Xy

o . 0 0 .02 4/ 4 24 (2
+mx<!7mnvaxl(gz) 6X(;)-[V F7dvi?dedy

+aa(1) 1!Tim(1)faa(2)
Q7 X7 ox Xﬂ
. 0 0

(@) (2L)Im(1)DW (2
Oy Ox,T 0Ky

(30)
% [0 F v g%y
Xs

N [ R 200 dg iy =0,

which was obtained earlier by N. Kishore and S.R. Singh [9].

To close the system of equations for the joint distribution functions some approximations are
required. If we consider the collection of ionized particles i.e., in plasma turbulence case, it can be
provided closure form easily by decomposing F,* ? as F,® F,®. But such type of approximations
can be possible if there is no interaction or correlation between two particles.

If we decompose F,*? as:
FO = (14 6)FOR®, (31)
F3(1,2,3) _ (1 i 5)2 Fl(l) FI(Z)F1(3), (32)

where ¢ is the correlation coefficient between the particles. If there is no correlation between the
particles, € will be zero and joint distribution function can be decomposed in usual way. Here, we
are considering such type of approximation only to provide closed form of the equation i.e., to
approximate two-point equation as one point equation. The transport equation for the joint
distribution function of velocity, temperature, and concentration has been shown here to provide an
advantageous basis for modeling the turbulent flows in presence of Coriolis force undergoing a first
order reaction.

In this study, we have made an attempt for the modeling of various terms such as fluctuating
pressure, viscosity and diffusivity in order to close the equation for joint distribution function of

velocity, temperature and concentration. Since F(v,¢,w) contains all the statistical information
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about the velocity at each point, a turbulence model to determine the Reynolds stresses is not
needed. However, since F(v,¢,gu) is one point statistics, the length scale information is also not

needed.
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