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Abstract: In this paper, we employ Kranoselskii fized point theorem and obtain sufficient
conditions for the existence and multiplicity of positive periodic solution to the singular first
order difference equation

Ax(k) = —a(k)z(k) + Xb(k) f(x(k)), ke Z.
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1 Introduction

Let R denote the real numbers, Z the integers and Ry = [0, 00), the positive real numbers.
Given a < bin Z, let [a,b] = {a,a +1,...,b}.

In this paper, we investigate the existence and multiplicity of positive periodic solutions
for singular first order difference equation

z(k+1)=(1—a(k)z(k) + \o(k)f(z(k)), keZ (1)

where Z is the set of integer numbers, w € N is a fixed integer, A > 0 and b : Z — [0, 00),
a(k) are w—periodic and a(k) is continuous with 0 < a(k) < 1 for all k¥ € [0,w — 1] and

f e CRE\{0},(0,00)).
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The study of the existence of periodic solutions in difference equations was motivated by
the observance of periodic phenomena in mathematical ecological difference models, discrete
single-species models and discrete populations models, see for examples, [3, 4, 5, 6, 8, 9, 10,
13, 14, 15]. Although most models are described with differential equations, the discrete
models are more appropriate than the continuous ones when the size of the population is
rarely small or the population has non-overlapping generations [1].

Recently, Kranoselskii fixed point theorem has become an effective tool in proving the
existence of periodic solutions. It seems that the Kranoselskii fixed point theorem on com-
pression and expansion of cones is quite effective in dealing with the problem. In fact,
by choosing appropriate cones, the singularity of the problem is essentially removed and
the associated operator becomes well-defined for certain ranges of functions even there are
negative terms.

Wang [12] employed the Kranoselskii fixed point theorem to establish the existence and
multiplicity of positive periodic solutions for first non-autonomous singular systems

z(t) = —a;(t)zi(t) + Abi(t) fi(z(t), . ., wn(t),

where ¢ = 1,...,n. In [1, 2], the authors showed the existence of periodic solutions for
singular first order differential equations. On the other hand, [15] Zeng proved the existence
of positive periodic solutions for a class of non-autonomous difference equation

Ax(k) = —a(k)z(k) + f(k, u(k))

where the operator A is defined as Axz(k) = x(k + 1) — z(k).

Inspired by the above work, we consider to carry the work of Wang, [12] to the dis-
crete case for scalar difference equations. We shall establish a new result on the existence
and multiplicity of positive solutions of equation (1) by utilizing the well-known theory of
Kranoselskii fixed point theorem.

2 Preliminaries

In this section we state some preliminaries in the form of lemmas that are essential to proofs
our main results.

Let X be the set of all real w-periodic sequences = : Zy — R”}, endowed with the
maximum norm

= k)|
lzll = max  |=(k)]

Thus X is a Banach space. Throughout this paper, we denote the product of z(k) from
k = a to k = b with the understanding that sza z(k):=1foralla >b. Let R? =[], Ry.
We make the following assumptions:

(H1) 0 < a(k) <1lforall k € [0,w — 1].
(H2) f:R7%\{0} — (0,00) is continuous.
We now state the Kranoselskii fixed point theorem [7].

Lemma 1. Let X be a Banach space, and let K C X be a cone in X. Assume 1,8 are
open subsets of X with 0 € Q1,Q1 C Qs, and let

TKﬂ(Q2\Ql)—>K

be a completely continuous operator such that either
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(i) |Tz| < ||z||,z € KNy and ||[Tz|| > ||z||,x € K NOQa; or
(@) |Tx|| > ||z ,z € KNOQy and [|[Tz|| < ||z||,z € K NOQs;
Then T has a fized point in T : K N (2 \ Q1) — K.
Lemma 2. [15] Assume (H1), (H2) hold. If v € X then x is a solution of (1) if and only if

k4+w—1

z(k) = Y G(k,s)Ab(s)f(z(s)),

s=k

where
[17255 (1~ a(r)
1- T (1 —a(r)

Note that the denominator in G(k, s) is not zero since 0 < a(k) < 1 for k € [0,w — 1].
It is clear that G(k,s) = G(k + w, s + w) for all (k,s) € Z?. A direct calculation shows

G(k,s) = , s €[k k+w—1]. (2)

that )
w=1y _
m o= Hr:u?fl a(r)) < Glk,s) < u)711 M
-T2 (1 —a(r) -2 (1 —a(r))
Define o = [Ty (1 — a(r)) satisfying
1
7 < Gks) < L k<s<k+w
l1-0o l1-0o

Thus, clearly o = 77 > 0,

ke[0,w—1]

el = maxJa(k)] < M S Ab(k) F(x(R).

Therefore

Now we define a cone
K= {x e X,k e[0,w],z(k) > % |z|| = o Hx||} .

It is clear that K is a cone in X and mingejo,|2z(k)] > oz| for z € K. For r > 0,
define Q, = {x € K : ||z|| < r}. Note that 99, = {z € K : ||| = r}. Define a mapping
T:X — X by
k+w—1
Tak) =2 3 Gk, 5)b(s)(x(5)), 3)
s=k

where G(k,s) is given by (2). By the nonnegativity of A, f,a,b, and G, Tx(k) > 0 on
[0,w — 1]. Tt is clear that Ta(k 4+ w) = Tx(k).
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Lemma 3. T : K\ {0} C K is well-defined.

Proof. For any x € K\ {0}, for all k& € [0,w] we have

w—1
7ol =, max | [Ta(k)] < M Y- Nb(s) (a(s))
s=0

ke0,w—
Therefore
k+w—1
Tu(k) =X > Gk, s)b(s)f (x(s)
s=k
w—1
> xmy_ b(s) f(w(s))
s=0
> - |Ta]].
Hence Txz(k) > o ||Tx|| . This implies that T': K\ {0} C K. O

Lemma 4. If (H1) and (H2) hold, then the operator T : K\{0} — K s completely contin-
uous.

Proof. Let x,,(k),zo(k) € K\ {0} with z,,(k) — xo(k) as m — oo. From (3) and since
f(k, &) is continuous in &, as m — oo, we have

w—1

(T (k) = Tao (k)] < MY Ab(s)]|f (2m(s)) = flao(s))] = 0.

s=0

Hence || Tz (k) — Txzo(k)|| — 0, it follows that the operator T is continuous. Further if
x C X is a bounded set, then ||z|| < Cy = const for all z € K\{0}. Set Cy = max f(z(k)),z €
K\{0} then from (3) we get, for all z € K\{0},

k4+w—1
Tz <M Y Ab(s)| (k)] < MwCs.

s=k

This shows that T'(K\{0}) is a bounded set in K. Since K is n-dimensional, T'(K\{0}) is
relatively compact in K. Therefore T is a completely continuous operator. O

For the next following lemmas, we now introduce some notations. For r > 0, let

w—1 w—1
I‘:amZb(s), X = MZb(s),
s=0 s=0

C(r) =max{f(z) : z € Ry, ||z|| < r} > 0.

Lemma 5. Assume that (H1), (H2) holds. For anyn > 0 and x € K\ {0}, if there exists
a f such that f(x(k)) > x(k)n for k € [0,w], then ||Tx| > Ay ||z]| .
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Thus ||Tz|| > A'n ||z|| . This completes the proof. O
Let f: [1,00) — R, be the function given by
f(0) = max{f(z) : z € Ry,and 1 < ||z|| < 6} .

It is easy to see that f (9) is nondecreasing function on [1,00). The following lemma is
essentially the same as Lemma 3.6 in [12] and Lemma 2.8 in [11].

Lemma 6. ([12, 11]) Assume (H2) holds. Iflim,_,o L) exists (which can be infinty) then

£ ~ xr
limg o0 29 egists and limg_oo 20 = lim,, . 7&.

Lemma 7. Assume that (H1) and (H2) holds. Let r > L+ and if there exists an € > 0 such
that f(r) < er, then | Tz| < Axe ||z for x € 09,..

Proof. From the definition of T for = € 92,., we have
w—1
| Ta]| < AM Y b(s)f(x(s))
s=0

< AM Y bs) f(ry
s=0

This implies that ||Tz| < Axe ||z|| . O
In views of definition C(r), it follows that
0< f(z(k)) <C(r) forke[0,uw],

if z € 9Q,.,7 > 0. Thus it is easy to see the following lemma can be shown in similar manner
as in Lemma 7.

Lemma 8. Assume (H1), (H2) holds. If x € 0Qy,7 > 0 then | Tz| < AxC(r).
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Proof. From the definitions of T for z € 0f), we have

w—1

|IT|| < AM Y~ b(s) f(x(s))

s=0

Thus it implies that [|Tz| < AxC(r). O

3 Main Result

In this section, we establish conditions for the existence and multiplicity of positive periodic
solution of (1).

Theorem 1. Let (H1), (H2) hold, we assume that lim,_,o f(z) = 0.

(a) If limg 00 fff) =0, then for all A\ > 0 (1) has a positive solution.

(b) If limy o0 I2) — o, then for all small X > 0 (1) has two positive solutions.

x

(c) If If there exists a Ao > 0 such that (1) has a positive periodic solution for 0 < A < A.
Proof. (a): From the assumptions, lim,_,q f(2) = oo there is an 71 > 0 such that
f(x) znx
for z € K\{0} and 0 < « < r1, where > 0 is chosen so that
Al'p > 1.
Let Q,, ={z € K : ||z|| <r}. If x € 0Q,,, then
f(x(k)) = x(k)n.
Lemma 5 implies that
|Tx|| > A\l ||z|| > [|z|| for =€ 0%,,. (4)

We now determine €,,. Let Q,, = {z € K : ||z < r2}. Note that lim,_, L% = 0, it

x

follows from Lemma 6, limg_, oo @ = 0. Therefore there is an r9 > max {2r1, %} such that
f(ra) < era,
where the constant ¢ > 0 satisfies
Aex < 1.
Thus, we have by Lemma 7 that
ITz|| < dex|lz|| < ||z|| for =€ 0Q,,. (5)

By Lemma 1 applied to (4) and (5), it follows that T has a fixed point in Q,,\(2,,, which is
the desired positive solution of (1). O
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Proof. (b): Fix two numbers 0 < 3 < r4, there exists a \g such that

T3
A — A
0= XC(TS)’ 0=

where xC(r) defined in Lemma 8. Thus, in Lemma 8 implies that, for 0 < X < Ag,

xXC(ra)’

[Tz] < AxC(ry)

r
< i xC(ry) =rj = |l -

~ xC(ry)
Thus
|Tz| < ||z|| for z€ 0., (j=3,4). (6)
On the other hand, in view of the assumptions lim, ., % = oo and lim,_,o f(z) = oo,

there are positive numbers 0 < ry <13 <1rg < H such that
f(z) = nx

for € K\{0} and 0 < & < ry or = > H where 7 > 0 is chosen so that
Al'p > 1.

Thus if € 09,,, then
f(@) = na.

Let r; = max {2r4, g} if z € 09, then

min z(k) > o |z| = ory > H,

ke0,w)
which implies that
f(z) = .
Thus Lemma 5 implies that
[T|| = AL [[=]] > [lzf|  for =€ 0Qy,, (7)
and
[T]| = Al [[=]] > [lzf|  for = € 0Qy,. (8)

It follows from Lemma 1 applied to (6), (7) and (8), T has two fixed points z; and z
such that z; € Q,,\Qy, and z3 € Q,,\Q;,, which are the desired distinct positive periodic
solutions of (1) for A < A satisfying

ro < ||{L‘1H <rg<rg < ||£L’2|| <7ri.
]

Proof. (c): Choose a number r3 > 0. By Lemma 8 we infer that there exists a A\g = % >
0 such that
|ITz| < ||z|| for x € I, 0< A< (9)

On the other hand, in view of assumption lim,_,¢ f(2) = oo, there exists a positive number
0 < r9 < r3 such that
f(x) znx
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for x € K\{0} and 0 < = < ro where 1 > 0 is chosen so that

Al'n > 1.
Thus if x € 09,,, then
f(z) znz.
Lemma 5 implies that
ITz|| > ATq ||z|| > ||z , for z € 092, . (10)

It follows from Lemma 1 applied to (9) and (10), that T" has a fixed point z € Q,,\Q,,. The
fixed point x € Q,,\Q,, is the desired positive periodic solution of (1). O

4 Conclusion

In this paper, we employed Kranoselskii fixed point theorem to investigate the existence and
multiplicity of positive periodic solutions of difference equations (1). It still remains open
to generalize it for systems of first order difference equations.
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