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Abstract: In this paper, two reliable modifications of Variational Iteration Method (VIM) are
tested for two nonlinear mathematical problems like Emden-Fowler Equation and Lane-Emden
Equation, which arises in diverse fields of physics. It has been observed that these modifications
are very efficient and reliable for the solution of the non-linear problems. Numerical results
represent the reliability, effectiveness and efficiency of the proposed modifications.
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1 Introduction

Most of the problems in natural and engineering sciences are modeled by differential equations.
These equations arise in various scientific models such as the fluid mechanics, chemical reaction
diffusion, propagation of shallow water waves, Schrodinger equation models. To solve such
models, a large amount of work has been invested several techniques [1-10] including Homotopy
Perturbation, Methods of Characteristic, Multi Grid, Periodic Multi Grid Wave form, Riemann
invariants, Finite Difference, Polynomial and Non-polynomial Spline, Variational of Parameter,
Sink Galerkin, Parameter Expansion, Energy Balance, Homotopy analysis have been developed for
the solution of the natural and engineering problems. Most of the techniques have their limitations
and encounter the inbuilt deficiencies like linearization, limited convergence, divergent results,
unrealistic assumptions and a lot of computational work.

Recently, Ghorbani et. al. [11] introduced He’s polynomials by splitting the non-linear term.
He’s polynomial are calculated from He’s Homotopy Perturbation method [12-14]. More recently,
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Noor and Mohyud-Din [15,16] combined correction functional and He’s polynomials of the
Variational Iteration Method (VIMHP) and applied this reliable modified form of VIM to a wide
class of physical problems. The basic motive of the present study is the implementations of the
reliable modifications of Variational Iteration Method to the singular initial value problems.

2 Analysis of Variational Iteration Method (VIM)

To elucidate the basic of the variational Iteration Method (VIM), we consider the differential
equation in the general form

Lu+Nu=f(x), 0

where L is a linear operator, N is non-linear operator and f(x) is source term respectively.
According to variational iteration method, the correction functional of Eq. (1) can be written as,

X

.0 (W)=, ()+[2(0)(Lu, (0)+ N, (2)- £ @)z, @)

0

where A is a Lagrange multiplier, which can be identified optimally via variational theory. After

determined the Lagrange multiplier, the successive approximation n=0, of the solution u

n+l?

will be readily obtained by using determined Lagrange multiplier and any selective function{ .

Consequently, the solution is given by

u (x)=Lim u, (x) 3)

n—oo

3  Variational Iteration Method using He’s Polynomials (VIMHP)
Variational Iteration Method using He’s polynomials is a modified form of Variational Iteration

Method. This modification is obtained by coupling of correction functional of Variational Iteration
Method with He' Polynomials and is given by

ip(") u, (x)=u, (x)+pj£/1 {i p" L(u, )+ip(n) N(&, )]df—jiﬂf(f)d . @

n=0 n=0 n=0

By comparing the like indexes of p, give solution of various order.
4  Variational Iteration Method using Adomian’s Polynomials (VIMAP)
Variational Iteration Method using Adomian’s Polynomials is another modified form of Variational

Iteration Method. This Modification is obtained by coupling of correction functional of Variational
Iteration Method with Adomian’s Polynomials and is given by
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(x)=u,,(x>+Iz(r)(Lu,, (r>+iA,,—f(r>]dr, ®

0 n=0

where An ,are called Adomian’s Polynomials which can be generated for all type of non-linearity,

and determined by the algorithm defined in [17].

A, =F(u0),
A =u, F/(”o)’

A, =u, F,(”())"'%F”(uo)’

3
u

”m ” ’
A== F (i )+, uy F7 () +uy F' (),
4  Analysis of VIM for Singular initial value Problem

Consider the singular initial value problem

” k 7
¥ @+~ (g () y (x)= £ (). (©)
Subject to the conditions

y(0)=0,y"(0)=1.
According to variational Iteration Method, the correction functional of Eq. (6) can be written as,

=, 0+ [ 57025, A2 (e g 013, (T)—f(f)jdr, o

0

Where A is called general Lagrange multiplier, which can be identified optimally via variational

theory, and yn , is considered as restricted Variations so, taking O on both sides, we get

3,0 (1)=03, )+ 57 @1+ 2, (1525, (e 6 (613, (-1 () Ja .o
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The Lagrange multiplier can be identified via variational theory.
2
T
Alx,7)=—-1,

X

Now, Eq. (5) becomes,

=2, W [ £1) 37 @k, @) e 6y, ()27 @m0 20,

Consequently, the solution is given by

y(x)=ljn1yn(x)

n—oo
5  Numerical Applications
5.1 Example

Consider the classical Emden-Fowler equation of the second kind

d*y 2d
y+__y+axmyr:0’

dx* xdx
subject to the initial conditions,
y(0)=1, y'(0)=0.
where &, m and r are constants.

VIMHP

According to VIM, the correction functional for the Eq. (10) can be written as

t d’y (r) 2d o
L e M)
0

The Lagrange Multiplier can be identified via variational theory.
2
T
Alx,7)=—-7,

X

Now Eq. (11) becomes

(€))

(10)

an
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X 2 2
Yo (X)=y, (x)+_[ [T——fJ(d Jn (T)+% D0y g y," (r)Jdr. (12)

oL x dt* tdr

According to VIMHP, Eq. (12) can be written as,

n=0

© X 2 I I
Zp”yn (x)=yo+pj(%—rj{z Z In _Z yn+€(z"" an yn’}df,
0

n=0 n=0
zpnyn (x)=1+pj.(£_lj|:z yn+ zp n Z_m+lzpn ynr:|dz_,
n=0 0 X n=0 n=0 n=0
for r=1,

n=0 n=0

TRy, S LAY, S
ZP Y —1+p_|‘(——1JL . 17 +2n§p WHZT lZp yn}dr, (13)

Now, comparing the co-efficient of like powers of p,

(0)

p Yo=L,
p": y1=f(£—1j(m'"”)df,
0 X
___ax"
(m+3)(m+2)’
X 2
@, (Y PLAD I L T I T
P Y2 !:(x j( dr’ dr .
6,(2)62n1-¢—4
2(2m+5)(m+3)(m+2)
Therefore,
y(X)=yy+y, +y, o,
_1_ axm+2 aZ x2m+4 B (14)

(m+3)(m+ 2)+ 2(2m+ 5)(m+3)(m-+—2)2

This is the same result is as obtained by Chowdhury [18].
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VIMAP

According to VIMAP, Eq. (10) can be written in the form,

2
dt drt =

X 2 )
Yot (¥)=, (x)+j (E—IJ[HZ 2 (T)+2d In i gt ZAanT. (15)
0

The initial approximate solution is reads as
Yo=1,

Consequently, for ¥=1, we have

N Gt 3)m+2)’ ’
ax2m+4
= > >_2,
7 (%) 22m+5)m+3)(m+2)

And so on. Finally, we have

axm+2 a x2m+4

Y D) 2 eme ) ey (1o

This is the same result as obtained by Chawdhary [18].

Particularly, we obtained the exact solution as

For m=0, and r=0,

Yo =L,

_ax’
== 6
¥, =0,

Therefore, the exact solution will be

ax?

—1-Z* 15
y(x) . (15)
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for m=0, and r=1,

:1, = N - 5 - 5T,
Yo= b NETT T T Y T 5040

Therefore,
ax’ o’ x* ax°
y(x)=1- + - +--,
6 120 5040
1 ax’ atx’ o’y
y(x)=—| x———+ - +ee ],
X 6 120 5040
3 5 7
2 .3 2 .5 2 .7
=1 \/;x_ax+0{x_0{x+
Ja x 6 120 5040
Jax
for m=0, and r=5,
Yo =1,
ax’
Y= >

’

o’ x* 30!3x6_|_17a'4x8 59a° X" afx"

24 70 630 11550

Plot of graphically representation for #=0,1,5.

3510 °

247

(16)

an
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Fig. 1

5.2 Example

Consider the non-linear Emden-Fowler Equation

2
47y, 2dY | pinxy =0, (18)

dx* xdx

Subject to the conditions

y(0)=1, y'(0)=0.
VIMHP

According to VIM, the correction functional for the Eq. (18) can be written as

x d? d .
b, W a0 2 2 oo far

0

The Lagrange Multiplier can be identified via variational theory.
2

A7)=t 1,

X

Now Eq. (19) becomes

Vo ()=, (x)

+
Oty

2 2
(T__TJ [d 0 (), 24y, +alc” lnr)ynr]df, (20)

According to VIMHP, Eq. (20) can be written as,
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n=0 T dT n=0

oo x 2 oo 2 oo 0
"y (x)=y, +PI(T‘TJ [me dd yzn +Zp<n)%&+zp(n) alc" nz )ynrjdf,
o\ X = T

n=0 n=0
ip(")y (x): 1+ pji[r_lj ip(")rdz yn +Z.°:p(n)2%+ip(n)a(rm+l an')y r dT,
n=0 ! 0 X n=0 dz-z n=0 dT n=0 !

for r=1,

o

ip(")yn (x)=1+ pj‘(i—l) (i y" +Z 21’9(")05(7'"+1 lnf)yn}l 7,
0

n=0 n=0 n= n=0

Now, comparing the co-efficient of like powers of p,

p Yo =1,

pW: yI:I(E—IJ(arm+1 lnTyo)dT,

ax"*(5+2m— (m+2)(m+3)lnx)'
(m+2) (m+3)2

( d? d
p?: y2=I(£—lj(T yl(f)+2 I oyar lnryljdr,

2m+4

ax A—pulnx—7n(nx)’
4 2m+3) (m+3) (m+2)*’

where

A=408+503m+206m> +28m>
u=22m+5)(m+2)8m> 41m+52),
7=202m+5) (m+3)(m+2)*,

Therefore,

m+2 (

5+2m— (nfz+2)(m+3)lnx)_|_(){xz””4 A—ulnx—n(Inx)’

(m+2) (m+3)° 4 2m+3) (m+3)* (m+2)*
@1

y(x)=:1+a

’
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where m¢—2,—3,—5,---. The exact solutions are exist for r =0and m=-1,0,1,2,3,
respectively.
ax 3
=l-——|Inx——
(0)=1-2 1na=3)
ax’ 5
x)=1- Inx——|.
(0=1-22 =)
3
ax 7
=1- Inx——|. 22
y(x) B ( X 12} (22)
4
ax 9
=1- Inx——
y( ) 20 ( 20)
ax’ 11
x)=1- Inx——|.
y(W)=1-=0 ( 30)
VIMAP

According to VIMAP, Eq. (18) can be written in the form,

y . ()=, (x)+]£ (T_Z_ j( d’y,(7) +2dy” +ar" lnriAn (T)Jdi’. 23)

2
o\ X dr Tdrt =0
The initial approximation is reads as

% =y(0)=1,

Consequently, we have

ax"*(5+2m—(m+2)(m+3)nx)

X :1+ )
) (m+2) (m+3)
ax"? (5+2m=(m+2)(m+3)inx) arx>*  A-ulnx-p(nx)’
v, (x):1+ 5 > + 3 2 40
(m+2) (m+3) 4 (2m+3) (m+3) (m+2)
where

A=408+503m+206m* +28m’,
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u=22m+5)(m+2)8m> 41m+52),
n=202m+5)* (m+3)(m+2)*,

Therefore,
y(x)==1+ ax"?(5+2m—(m+2)(m+3)nx) arx*** ‘ A—pulnx—n(Inx)’
(m+2) (m+3)° 4 2m+3) (m+3)* (m+2)*
(24)

3
where m#—2,-3 ,—5 ,---. the exact solutions are exists for r=0 and m=-—1,0, 1,2,3.

respectively.

3
y(x):1—ax (lnx—l). (25)

~
S
~
S

g

EREIEEN
n o uw nnu
SN =S L

Fig. 2

’
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5.3 Example

Consider a linear homogeneous Lane-Emden Equation

dzy 2dy )
+=———-4x"+6)y=.0, 26
dx* xdx ( )y (20

Subject to the conditions

y(0)=1, y’(0)=0.
VIMAP

According to VIM, the correction functional for the equation (26) can be written as

r d’y (r) 2d 5
Yo (X)=, (X)+J/1(T)[ dyT”Z( )+? dyf” - (4T2+6)yn]d z, @7
0

The Lagrange Multiplier can be identified via variational theory.
2
T
Alx,7)=—-1,

X

Now Eq. (27) becomes

of 7? d*y,(r) 2d
yn+l (x): yn (X)+J.[7_TJ[ dy;Z( )+; d);-n - (472 +6 )yanT, (28)
0

According to VIMHP, equation (28) can be written as,

) )

X 2 oo 2 oo
Py, ()=, +PJ(T‘TJ(Z p e 5y 2DV (40 16)F p yanT’
0 X

n=0 n=0 dT n=0 T dT n=0

n=0 n=0 n=0

S0 o fF NS Wy o w24y (e S ()
;p yn(X)—1+p£(x TJ(ZP e +>p e (@z2+6)> p"y, |dz,

Comparing the coefficients of like powers of p:

p(O): Yo =1
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4
1. o2, X
p()- )’1_x+?

(2). _ 3 4 13 6 1 8
: =—x"+—x"+—x",
p 27707 T105T Too

" y3=ix6+17 X+ > X0 x",
70 630 11550 3510

Therefore the closed form solution is

y(x)=e
This is the exact solution of the Lane-Emden equation.
VIMAP

According to VIMAP, Eq. (26) can be written as,

253

29

x 2 2
Yo (¥)=, (X)+J[T——TJ[CI 0 (0) 2y, (4TZ+6)yanT, (30)

X drt* T drt

0

The initial approximation is reads as

Consequently, we have

4
X
Y, =1+x> +?,

4
y2=1+x2+£—+——x4+-—£3—x6 1x8
5 10 105 90

B

4
y3:1+x2+x—+ix4+£x"+ix8+ix"+17 L

10

1 12

X+ X
5 10 105 90 70 630 11550

The closed solution is

B

X
3510
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y(x)=e"
This is solution of the Lane-Emden equation; this result is same as obtained [18].

Graphical representation of the solution is:

ya.

20

5.4 Example

Consider a Time-Dependent Lane-Emden equation

2
J Z+ga—y—(6+4x2 —cost)y:a—y
0x> xdx ot

subject to the condition
y(0.0)=e, y.(0,1)=0

VIMHP

According to VIM, the correction functional for the equation (31) can be written as

T 0T ot

Voo (x,1)= +Iﬂ{a Y 2%—(6+472—COSI)§n—aleT,

where A is called general Lagrange multiplier, which can be identified as

€1V

(32
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2

/l(x,r)=r——r,

X

Therefore, Eq. (32) becomes

X

X 2 2
oo et)oy, + j(f——rj [Mﬁa” (o+ar?

! dt> 7 o7

According to VIMHP, Eq. (33) can be written as,

iop(")yn(x,l)=%+i{i_j[zp 19y, ZP 120y,

n=0 n=0 T aT

S n sin ¢ [ TZ az n n 2a n
;pt 'y (x1)=¢ +£[X_J[Zp afyz Zp( 1290 _

=0 n=0 70T

Comparing the co-efficient of like powers of p:

(0). sin ¢

p Yo=¢€

4
p(l): ylzesmt(xz +X?J

(2). _ sint 3 , 13 5O x*
: =™ | x|,
b (10 105" 790

Thus, the closed form solution is

4 6 8
i xt x® x
y(x,t):e”mt (l+x2 +—+—+_+...,j,

20 31 4

2,
X~ +sint
=e€ .

255

—cost)yn —%Jdr, (33)

ot

~(6+47 —con) Y, -3 aa);an
n=0

n=0

(6+47—cos]3py, -3 ay"jd ,

n=0 n=0 at

(34)

This is the same result as obtained by A. Sami Bataineh, M. S. M. Noorani, and I. Hashim in [19].

VIMAP

According to VIMAP, the Eq. (31) becomes
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o 7? 0°y 20y ) oy
A=y + [ e || T2 290 (61472 —cost)y, 22 |az. s

The initial approximate solution is reads as
sint

yozy(o’t)ze ’

Consequently, we have

sint sint 2 x4 sint 3 4 13 6 'x8
V=€ te | X t+t—|+te | —X +t—Xx +— |,
5 10 105 90

4 8 6 8 10
- - ; 1 mel 3 17 54 1
y3 — esmt +esmt (x2+x J+ esmt [;i) x4 + 3 x6 +X ] +esmt( X X X IZJ’

+ + + x
5 70 630 11550 3510

Thus, the close form solution is

X% +sint

y(x,1)=e (36)
This is the same result as obtained by A. Sami Bataineh, M.S.M. Noorani, and I. Hashim [19].

Plot of graphical representation of the solution:

6 Conclusion
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In this paper, two modifications of Variational Iteration Method (VIM) are implemented
successfully to obtain the analytical exact and approximate solutions of two nonlinear mathematical
problems. The solution procedure is very simple by means of variatonal theory, and only a few
steps lead to highly accurate solutions. It has been observed that these modifications are very
efficient and reliable for the solution of the non-linear problems.
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