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ABSTRACT

An elegant approximation of the fractional-order epidemic model's for Ebola Virus Disease
(EVD) transmission combined with contact tracing and quarantine is presented in this study. The
EVD model is governed by a system of nonlinear ordinary differential equations of fractional
order described in Caputo sense. The Adams-Bashforth-Moulton algorithm is applied to simulate
the model and compared with Runge-Kutta method in the case of integer-order derivatives to
validate its efficiency.

Keywords: Adams-Bashforth-Moulton Method, Caputo Derivatives, Ebola Virus Disease
Model, Fractional Differential Equation

1 INTRODUCTION

Recently, the use of fractional calculus has continued to gain wide acceptance due to its vast
applications to successfully describe various phenomena in science and engineering. The idea of
fractional calculus was first mentioned in early 17th century by Leibniz [1]. Fractional calculus deals
with the theory of derivatives and integrals of non-integer order [2] specifically, it encompasses both
classical and non-integer order calculus. [3]. To be specific, as fractional calculus is found invaluable
in various field, fractional differential equations have been implemented in control systems,
viscoelasticity, electromagnetic waves, blood flow phenomena, polymer rheology, fitting of
experimental data, magnetohydrodynamic flow [1,4,5] and particularly in mathematical biology [6-
7]. This is due to the advantage of fractional order differential equations over integer order
differential equations [8], as the former is inherently related to real life phenomena with memory
effect which exist mostly in biological systems [3].

Several fractional order models for Ebola existing in literature are found in [9-11]. Due to the absence
of exact solutions for most nonlinear fractional differential equations, numerical and semi analytic
methods are usually used [12]. The numerical methods include Generalized Euler Method (GEM)
[12], the predictor corrector of Adams-Bashforth-Moulton [1,13,14], Atanakovic and Stankovic
Method [7], etc, while Laplace Adomian Decomposition Method (LADM), Homotopy Analysis Method
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(HAM), Homotopy Perturbation Method (HPM),Variational Iteration Method (VIM), Differential
Transform Method (DTM), Multi Step Differential Transform Method (MSDTM) [15] are semi-
analytic techniques.

The purpose of this paper is to provide an approximate solution to a fractional- order Ebola epidemic
model using Fractional Adams-Bashforth-Moulton method. The rest of the paper is organized as
follows. Basic definition and model formulation is presented in section 2. Basic concept and

application of FABM method is discussed in section 3. Section 4 gives numerical simulation and
discussion of results while section 5 concludes the paper.

2  BASIC DEFINITION AND MODEL FORMULATION

The formulation of the fractional order EVD model with contact tracing and quarantine, as well as
some fundamental definitions in fractional calculus, are presented in this section.

Definition 2.1. Riemann-Liouville fractional integration of order ( is defined as:

9 (x) = [(x-) M ()t q>0, x>0
0

Definition 2.2. Caputo and Riemann-Liouville fractional derivatives of order ( are defined
respectively as follows:

Dg f (x)=3m(D"f (x))
qu(x)sz(Jm—q f (x))
where m—1<q<m, meN

To derive the fractional-order EVD model that explains the spread of EVD in a community, we first
consider EVD model of integer order presented in [16] as:

ds Sl
i —%+0Q+¢T—(,u+c1)8
dQ

E=8+C1$—(;11+¢+0)Q

di sl (1)
E=%—(#+Cz+a+d1)|
ar

pm =(C2+a)l +(pQ—(,u+¢)T
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Subject to the following initial populations
$(0)=4396521, Q(0)=74, 1(0)=33, T(0)=9
where

N=S+Q+1+T.

Table 1: Description of State Variables

State Variables | Description of State Variables

S (t) Population of Susceptible ( those who healthy and prone to infection) Individuals
attime t.

Q(t) Population of Quarantined Individuals at time t.

| (t) Population of Infected Individuals at time t.

T (t) Population of Infected Individuals Receiving Treatment at time ¢.

N (t) Total Population of Individuals within the Community at time ¢.

Table 2: Parameters Description and Hypothetical Values

Parameters Symbols | Hypothetical Values
Disease transmission rate o] 0.160

Rate for detecting infected individuals due to contact tracing c, 0.07

Rate of detecting susceptible individuals who were exposed to o 0.06

Ebola Virus (EBOV) due to contact tracing

Rate of death caused by EVD d, 0.0301653
Immigration rate of susceptible populations 11 422

Rate of losing immunity for those who recovered due to | ¢ 0.047619
treatment

Immigration of those affected by Ebola & 0.0314862
Natural death rate for these classes - susceptible, infected and | # 0.00002465753
treatment
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Death rate for those in isolation for the period of 2-21 days 7 5x107°
Rate for detecting the infected individuals in isolation 14 0.08333
Rate for locating infected individuals within the infected class | @ 0.0608

Note: Source of Hypothetical Values [16]

Now considering historical effects, system (1) is written in terms of time dependent integrations as
follows:

- - AS(p)1(p) +o + —(u+
e e o e R R CR ARGl

_:Ig(t— p)[e+C15(p)_(M+¢+U)Q(p)]dp

(2)

p
+Q(p)+|(p)+T(p)_(ﬂ+C2+a+d1)|(p)}dp

jgt— (co+a)1(p)+¢Q(p)~(1+¢)T (p)]dp

where ¢ (t - p) is a kernel with respect to time.

The power-law function is now chosen as the kernel for long-term historical effects, with the result
that events that occurred in the distant past have a much smaller impact on the present than those
that occurred in the near past. By definition, the power-law kernel is

= __ 3
T(q-1) (3)

Substituting (3) into (2) to have

j { (p)+§?r£)p+)ll((z))”<p)+“Q(p)+¢T(p)—<ﬂ+°1)8(p)}dp

j- [8+CIS ) (,ui+(p+0')Q(p):|dp

It_ { +Qﬂ(s()lo)l((IO))+T(|O)_(,,+CZ+a+dl)l(p)}dp

j (e, +a)1(p)+9Q(p)~(u+¢)T (p)]dp

(4)
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By definition of fractional integral, system (4) becomes

95 o BS (1)1 (t
@ {H_S(t)+Q(t()+I((t))+T(t)+O_Q(t)+¢T(t)_(ﬂ+cl)S(t)}
‘2_?:Jq-l[ﬁcls(t)_(ﬂl+¢+0)Q(t)]

(5)

dl_ g-1 ﬁS(t)|(t)
o) {S(t)+Q(t)+I(t)+T(t)_('u+Cz+a+dl)l(t)}
dT

e ‘]q—l[(c2 +a)l(t)+eQ(t)—(u+¢)T (t)]

By applying fractional derivative of order -1 (that is Jl’q) on both sides of (5) followed with

Definition 2.2, to obtain

q _ ,BS(t)I(t)
DSS(t) =11- S()+Q(t)+1(t)+T(t)
DIQ(t)=e+c,S(t)— (14 +@+0)Q(t)

BS(t)1(t) ©)
SO Q)+ 1T ATt

DIT(t)=(c, + )1 (t)+@Q(t)—(u+¢)T ().

+0Q(1)+4T (1)~(u+0,)S (1)

DII(t) =

Thus, a fractional order mathematical model is suggested by the system to explain the spread of EVD
in the presence of contact tracing and quarantine (6). Furthermore, in the absence of memory effect
(when q=1) [17], (6) becomes (1).

3 THE CONCEPT OF FRACTIONAL ADAMS - BASHFORTH - MOULTON METHOD

Considering the initial value problem

DIy(t)= f(t,y(t)), y(0)=Yy, 0<qg<l, t>0 7)
which is equivalent to the equation for the fractional integral

y(t):yO+be(t,y(t)). (8)

Let [0,T]be the interval of obtaining approximate solution of (8). The interval [0,T] is subdivided

T .
into M subintervals of equal step size h:M by using the nodes t; = jh and y(tj) = y; for
j=01..,M.
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The proposed method is a predictor corrector method in solving (8) such that an initial
approximation Yp ¢ called the predictor is evaluated first using the product rectangle rule as

yP,K=y0+WA bj,Kf(tj’yj) (9)

which is then used to get the correct approximation Yy . The trapezoidal rule is used to evaluate
1 K-1
yK:yO+W aK,Kf(tKlyP,K)‘i'jZ:(;aj,Kf(tjayj) (10)

where the weight &;  andb; , are given by

hq
(g+1
_ h* -\g+1 q+1 NG .

ik =\ qrarT (K1 )" (k=1-q)" —2(K - )™ | 1< j<K-1, (11)
hq
(g+1

(K=" =K (k-1-q)) =0,

~—

o]

o

~—

: j=K

~—

o]

bjk =—| (K= )" =(K-1-])" | (12)

4 APPLICATION OF FABM METHOD
The purpose of this section is to apply FABM method on (6), so we rewrite (6) as

DIS(t) = f,(S,Q,1,T)
DIQ() = f,(S.Q)
DA (t) = f,(S,Q,1,T)
DIT(t)=f,(Q.1.T)

(13)

such that
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(5.0 T) == g PR s 0(0) 7 ()65
f2(S'Q):g+cls(t)_[(,>:l(:)(,/)(:)0)Q(t) (14)
f,(S,Q,1,T) = SO+0(0)+1 (t)+T(t)—(y+cz+a+dl)l (1)

f,(Q.1.T)=(c, +a)l(t)+eQ(t)—(u+¢)T(t)

Now, applying FABM method to (13) with the aid of (10) - (12) to have

hq K-1
S, =S, +—{aK,K fi(Sp Qoo Tow )+ 2 ax fu (1), 55,Qp 15T, )]
r'(a) =
(15)
hq K-1
Qu =Q +—=| 8« fZ(SP,K’QP,K )+Zaj,K fZ(Sinj)
r'(a) =
ha i K1
L =lo+——| Ak f3(Sp Qo low Tou )+ 285k Fo($5,Q50 15T, )}
T(a)| =
he i K-1
Te=To+—— |« (QP,K ek Tok )+Zaj,K f4 (jSlj’Tj)
r(a)| =

5 NUMERICAL SIMULATIONS

The effectiveness of the FABM method is demonstrated graphically on time interval [0,100] while
using Maple 13 software with the value of parameters stated in Table 1 for different values ofqg.

Figures 1-4 show the approximate solutions obtained using FABM method and when the inbuilt
Maple 13 command for the fourth order Runge-Kutta method (RK4) is used for susceptible,
quarantined, infectious and treated individuals respectively in the absence of memory/ historical
effect (thatis for  =1). It can be seen that despite the time step h of RK4 is four times smaller to that

of FABM method, both results are in excellent agreement with one another.
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Figure 1: Comparison of FABM and RK4 for S(t)
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Figure 2: FABM and RK4 for Q(t)
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Figure 3: Comparison of FABM and RK4 for 1 (t)
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Figure 5: Effect of varying q on S(t)

The influence of memory index on the population of susceptible individuals is shown by Figure 5 for
100 days. Figure 5 shows that as the memory effect increases (that is, reduction in the value of g), the
susceptible population increases.
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Figure 6: Effect of varying q on Q (t)
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The effect of varying q on the quarantined population is displayed by Figure 6. There is a rapid
increase in the population of the quarantined humans as q increases for about 25-30 days, before a
sudden decrease.
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Figure 7: Effect of varying q on | (t)

The population profile for the infectious humans is shown by Figure 7 when the value of g is varied.
Figure 7 displays that the population of infectious individuals increases as q reduces.
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Figure 8: Effect of varying g onT (t)
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The effect of varying q on the number of treated individuals is shown by Figure 8. Unlike the trend
observed in Figures 5-7, the population of treated individuals decreases as q decreases.

Figures 5-8 therefore show the influence of memory index in the transmission dynamics of EVD as
small changes in the memory index q result in big changes in susceptible, quarantined, infectious and
treated populations respectively.

6 CONCLUSION

A fractional order model for EVD in the existence of contact tracing and isolation was formulated
and solved numerically using the Fractional Adams Bashforth Moulton method. The results obtained
from FABM method was compared graphically with those of fourth order Runge-Kutta method in
order to validate its accuracy for integer case (that is for g =1). The model is shown to be sensitive
to g as small changes in g greatly influence the number of indiviuals in each subpopulation. The
proposed method can be applied to solve other real life problems with memory effect.
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