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ABSTRACT 
 

A transformation semigroup is a pair (Q; S) consisting of a finite set Q, a finite semigroup S 
and a semigroup action λ  : Q X  S Q, (q, s  s (q) which means : i) q 𝜖 Q,s, t 𝜖 S : st (q) = s 
(t (q)) , and (ii) s, t 𝜖 Sq 𝜖 Q, s (q) = t (q)  s = t. A state machine or a semiautomation is 
an ordered triple M = (Q, ∑, F ), where Q and  are finite sets and F : Q X ∑  Q is a partial 
function. This paper provides the construction of state machines associate a direct product, 
the cascade product, and wreath product of transformations semigroups. 
 
Keywords: Semigroup, Semigroup Action, Morphism Semigroup, Transformation Semi-
Group, State Machine. 

 
 
1. INTRODUCTION 
 
Actions of semigroups are important both in mathematics and computer science. The theory of 
machines developed so far have largely influenced the development of computer science and 
associated languages. The theory of machines that have been developed in the last twenty years, 
has had a considerable influence, not only on the computer systems, but also biology, 
biochemistry, and etc. 
 
The remainder of this paper is organized as follows. Section 2 provides some elementary 
material concerning of transformation semigroups and state machines. Section 3 presents the 
construction of state machines associate a direct product of transformations semigroups. 
Section 4 includes the construction of state machines associated with the cascade product of 
transformations semigroups. In Section 5, the construction of state machines associated with 
the wreath product of transformations semigroups is provided. Finally, conclusions are drawn 
in Section 6. 
 
 
2. PRELIMINARIES 
 
A semigroup is an ordered pair (S, . ), where S is a nonempty set and the dot is an associative 
binary operation, i.e., a function (s1 , s2) ⟶ s1 . s2 from S X S into S such that for all s1, s2, s3, (s1 . 

s2) . s2 = s1 . (s2 s3). (S, . ) will usually be abbreviated to S and s1 . s2 to s1s2. A semigroup S is 
commutative or abelian if s1s2 = s2s1 

 
A finite transformation semigroup is a pair X = (Q, S), where Q is a finite set, and S is a set of 
functions from Q into itself that forms a semigroup under composition. If S contains the identity 
mapping on Q, then we say that X is a transformation monoid. If X = (Q, S), then X denotes the 
transformation semigroup that results by adjoining to S all the constant mappings on Q. 
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If S is a monoid, i.e., if S has an identify 1, then the semigroup action λ: Q X S Q is further 
assumed to satisfy 1 (q) = q, for each q 𝜖 Q. 
 
We formally define an alphabet as a non-empty finite set. A word over an alphabet is a finite 
sequence of symbols of ⅀. Although one writes a sequence as (σ1, σ 2, …, σn), in the present 
context, we prefer to write it as σ1 σ2 … σn. The set of all words on the alphabet ∑ is denoted by 
∑* and is equipped with the associative operation defined by the concatenation of two 
sequences. The concatenation of two sequences α1 α 2 …  αn and β1 β2 … βm is the sequence α1 α2 
… αn β1 β2 … βm. 
 
The concatenation is an associative operation. The string consisting of zero letters is called the 
empty word, written 𝜖. Thus, 𝜖, α, β, ααβα, αααβα are words over the alphabet {α, β}. Thus the 
set ∑* of words is equipped with the structure of a monoid. The monoid ∑* is called the free 
monoid on ∑. The length of a word w, denoted |w|, is the number of letters in w when each letter 
is counted as many times as it occurs. Again by definition, |𝜖|= 0. For example |ααβα|= 4 and 
|αααβα| = 5. Let w be a word over an alphabet ⅀. For σ 𝜖 ∑, the number of occurrences of in w 
shall be denoted by |w|σ. For example |ααβα|β = 1 and |αααβα|α = 4. 
 
A state machine or a semi-automation is an ordered triple M = (Q, ∑, F), where Q and ∑ are finite 
sets and 𝐹: 𝑄 × Σ ⟶𝑄 is a partial function. A state machine M = (Q, ∑, F) is said to complete if 
𝐹:𝑄 × Σ ⟶𝑄 is a function. 
 
Corresponding to a transformation semigroup X = (Q, S), there is a state machine M = (Q, S, F), 
where 𝐹:𝑄 × S ⟶ 𝑄 is defined by F(q, s) = s(q), for each q 𝜖 Q and for each s 𝜖 S. M is called the 
state machine of X, denoted by M(X). 
 
For every transformation semigroup X = (Q, S), there is a morphism ʋ|: 𝑆 ⟶ 𝐸(Q), the 
semigroup of all mappings f : Q ⟶ Q, given by ʋ|(s) = f, where f (q) = s (q). E(Q) is usually called 
the full transformation semigroup on Q 
 
Let M = (Q, ∑, F) and M’ = (Q’, ∑’, F’) be state machines. A pair of mappings (δ, 𝛳) : M ⟶ M’ is 
said to be a state machine homomorphism if δ : Q  Q’ and 𝛳 : ∑’ is a pair of mappings such that 
δοFσ = F’𝛳(σ) οδ, ∀σ 𝜖 ∑, where Fσ : Q ⟶ Q is defined by Fσ (q) = F (q, σ), ∀q 𝜖 Q. A state machine 
homomorphism (δ, 𝛳) : M⟶M’ is said to be: 
 

i. a monomorphism if δ and 𝛳 are both injective;  
ii. an epimorphism if δ and 𝛳 are both surjective; 

iii. an isomorphism if δ and 𝛳 is both a monomorphism and an epimorphism (written M ≅ M’) 
 
Let M1 = (Q1, ∑1, F1) and M2 = (Q2, ∑2, F2) be state machines. Suppose that M1 and M2 are state 
machines with the same input ∑. Connecting them up in this way, will produce a new state 
machine M1 X M2 = (Q1 X Q2, ∑, F1 X F2) where (F1 X F2) ((q1, q2), σ) = (F1 (q1, σ), F2 (q2, σ)) for σ 𝜖 
∑ (q1, q2) 𝜖 Q1 X Q2. We call this state machine the restricted direct product of M1 and M2. 
 
Let M1 = (Q1, ∑1, F1) and M2 = (Q2, ∑2, F2) be state machines. We define M1 X M2 = (Q1 X Q2, ∑1 X 
∑2, F1 X F2) where (F1 X F2) ((q1, q2), (σ1, σ2)) = (F1 (q1,  σ1) , F2 (q2, σ2)) for (σ1, σ2) 𝜖 ∑1 X ∑2, (q1, 
q2) 𝜖 Q1 X Q2. 
 
We call this state machine the full direct product of M1 and M2. 
 
Let  M1 = (Q1, ∑1, F1) and M2 = (Q2, ∑2, F2) be state machines. We define the cascade product of 
M1 and M2 with respect to w : Q2 X ∑2 ⟶ ∑1 by M1wM2 = (Q1 X Q2, ∑2, Fw) where Fw ((q1, q2), σ2) 
= (F1(q1,w (q2,σ2)), F2(q2, σ2)) for σ2  𝜖 ∑2, (q1, q2) 𝜖 Q1 X Q2. 
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Let M1 = (Q1, ∑1, F1) and M2 = (Q2, ∑2, F2) be state machines. We define the wreath product of M1  
and M2 by M1w M2 = (Q1 X Q2,  X ∑2, Fw ) where Fw ((q1, q2), (f, σ2)) = (F1 (q1, f (q2)), F2 (q2, σ2)) for 
σ2 𝜖 ∑2, f 𝜖   , (q1, q2) 𝜖 Q1 X Q2. 
 
 
3. DIRECT PRODUCT OF TRANSFORMATION SEMIGROUP AND STATE  
 
In this section, we give the construction of state machines associate a direct product of 
transformations semigroups.  
 
Preposition 1   
 
Let X = (Q, S) and Y = (P, T) be transformation semigroups.  
 

1. The direct product of X and Y, written X X Y, is defined as a transformation semigroup X X 
Y = (Q X P , S  X  T). 

2. If X = (Q, S), Y = (P, T) and Z = (R, V) are transformation semigroup then (S X T) X V ≅ S X  
(T X V).  

3. M (X X Y) = M (X) X M (Y). 
 
Proof 
 
1. The element of S X T being the ordered pairs (s, t), s 𝜖 S, t 𝜖 T with (s, t) (q, p) = (s (q), t (p)), 

for each q 𝜖 Q, p 𝜖 P. 
2. The mapping ((s, t), v) ⟼(s, (t, v)) is an isomorphism of (S X T) X V and S X (T X V).  
3. We have M (X) = (Q, S, FX), where FX : Q X S⟶ Q is defined by FX (q, s) = s (q), for all s 𝜖 S, q 𝜖 

Q. Also we have M (Y) = (P, T, FY), where FY: P X T ⟶ P is defined by FY (p, t) = t (p), for all t 𝜖 
T, p 𝜖 P. A similar argument, we have M (X X Y ) = (Q X P, S X T, FX X Y ), where FX X Y : (Q X P ) (S 
X T )⟶ Q X P is defined by FX X Y ((q, p) , (s, t)) = (s (q) , t (p)), for all (s, t) 𝜖 S X T, (q, p) 𝜖 Q X 
P. Consequently M (X X Y) = M (X) X M (Y).                                                                                                        

 
Example 1    
 
Consider the transformation semigroup X = (Q, S), where Q = {0, 1}, S = <s>, s defined by s (0) = 1, 
s (1) = 0, we have S = {s, s2} with s2 (0) = 0, s2 (1) = 1 and the identity s3 = s. M (X) = (Q, S, FX) the 
state machine of X is given by the following table: 
 
 
 
.  
 
 
Let Y = (P, T) be transformation semigroup, where P = {0, 1}, T = <t>, t defined by t (0) = 1, t (1) = 
1. We have T = {t}, and M(Y) = (P, T, FY) the state machine of Y is given by the following table: 
 
 
 
 
 
 
Consequently M (X X Y) = (Q X P, S X T, FX X Y) the state machine of X X Y is given by the following  
table:  
 
 

FX s s2 
0 1 0 
1 0 1 

FY T 
0 1 
1 1 
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4. CASCADE PRODUCT OF TRANSFORMATION SEMIGROUP AND STATE MACHINE  
 
In this section, we give the construction of state machines associate a cascade product of 
transformations semigroups. 
 
Proposition 2   
 
Given any transformation semigroup X = (Q, S) and Y = (P, T), suppose that w: P X T⟶ S is a 
mapping. Then 
 

1. The transformation semigroup X Xw Y = (Q X P, Tw) is called the cascade product of 
X and Y with respect to w, on Q X P with Tw = {tw: Q X P ⟶ Q X P,}, tw (q, p) = (w (p, 
t) (q), t (p)) for all t 𝜖 T, (q, p) 𝜖 Q X P . 

2. The state machine M (X Xw Y) is the cascade product of M (X) and M (Y), i.e., M (X Xw Y ) = 
M (X) Xw M (Y ). 

 
Proof  
 

1. Since Tw is a set of functions from Q X P into itself, then X Xw Y = (Q X P, Tw) is 
transformation semigroup. 

2. 2. We have M (X) = (Q, S, FX), where FX: Q X S ⟶ Q is defined by FX (q, s) = s (q), for 
all s 𝜖 S, q 𝜖 Q. Also we have M (Y) = (P, T, FY), where FY: P X T ⟶ P is defined by FY 
(p, t) = t (p), for all t 𝜖 T, p 𝜖 P. A similar argument, we have M (X Xw Y) = (Q P; Tw; FX 
Xw Y), where FX Xw Y: (Q X P) Tw ⟶ Q X P is defined by FX Xw Y ((q, p) , tw) = (w (p, t) 
(q) , t (p)), for all tw 𝜖 Tw , (q, p) 𝜖 Q X P . Consequently M (X Xw Y) = M (X) Xw M (Y ).                                                                   

 
Example 2    
 
Consider the transformation semigroup X = (Q, S), where Q = {0, 1}, S = <s>, s defined by s 
(0) = 1, s (1) = 0, we have S = {s, s2 } with s2 (0) = 0, s2 (1) = 1 and the identity s3 = s. M (X) = 
(Q, S, FX ) the state machine of X is given by the following table: 
 
 
 
 
 
 
Let Y = (P, T) be transformation semigroup, where P = {0, 1}, T = <t> defined by t (0) = 1, t(1) =1. 
We have T = {t}, and M (Y) = (P, T, FY) the state machine of Y is given by the following table: 
   
 
 
 
 
 
 

FX X Y (s, t) (s2, t) 
(0,0) (1,1) (0,1) 
(0,1) (1,1) (0,1) 
(1,0) (0,1) (1,1) 
(1,1) (0,1) (1,1) 

FX s s2 

0 1 0 

1 0 1 

FY t 
0 1 
1 1 
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Define the mapping w : P X T ⟶ S by w (o,t) = s, w (1, t) = s2. We have X Xw Y = (Q X P, Tw), 
where tw : Q X P ⟶ Q X P, tw (q, p) = (w (p, t)(q), t(p)) for all t 𝜖 T and (q, p) 𝜖 Q X P. Since T = {t}, 
then Tw = {tw} where, 
 
tw (0, 0) = (w (0, t) (0), t(0)) = (s(0), 1) = (1,1); 
tw (0, 1) = (w (1, t) (0), t(1)) = (s2(0), 1) = (0,1); 
tw (1, 0) = (w (0, t) (0), t(0)) = (s(1), 1) = (0,1); 
tw (1, 1) = (w (1, t) (1), t(1)) = (s2(1), 1) = (1,1). 
 
M(X Xw Y) = (Q X P, Tw, FX Xw Y) the state machine of X Xw Y is given by the following table: 
 
 
 
 
 
 
 
 
 
5. WREATH PRODUCT OF TRANSFORMATION SEMIGROUP AND STATE MACHINE 
 
In this section, we give the construction of state machines associated with the cascade 
product of transformations semigroups. 
 
Proposition 3  
 
Let X = (Q, S) and Y = (P, T) be transformation semigroups. Let SP the set of all mappings f : P 
⟶ S. Then  
 

1. The transformation semigroup XwY = (Q X P, SP X T) is called the wreath product of 
X and Y, on Q X P with SP X T = {(f, t} : Q X P ⟶ Q X P, f 𝜖 SP, t 𝜖 T}, (f, t) (q, p) = (f (p) 
(q), t (p)) for all (q, p) 𝜖 Q X P. 

2. The state machine M (Xw Y) is the wreath product of M (X), and M (Y), i.e., M (XwY) 
M = M (X) wM(Y). 

 
Proof 
  

1. We show that SP X T is closed under composition. Let (f1, t1), (f2, t2) 𝜖 SP X T, i.e., for 
all (q, p) 𝜖 Q X P, (f1, t1) (q, p) = (f1 (p) (q), t1 (p)) and (f2, t2) (q, p) = (f2 (p) (q), t2 (p)). 
We have (f1, t1) ο (f2, t2) (q, p) = (f1, t1) ((f2 (p) (q), t2 (p))) = (f1 (t2 (p)(f2 (p) (q))), t1 
(t2 (p))).  

2. We have M (X) = (Q, S, FX), where FX : Q X S ⟶ Q is defined by FX (q,s) = s (q), for all  
s 𝜖  S, q 𝜖 Q. Also we have M (Y) = (P, T, FY), where FY : P X T ⟶ P is defined by FY (p, t) = 
t (p), for all t 𝜖 T, p 𝜖 P. A similar argument, we have M (XwY) = (Q X P, SP X T, F XwY), 
where F XwY : (Q X P) X SP X T ⟶ Q X P is defined by F XwY ((q, p), (f, t)) = (f (p) (q), t (p)), 
for all (f, t) 𝜖 SP X T, (q, p) 𝜖 Q X P. Consequently M (XwY) = M (X) wM (Y).                                                     

 
Example 3  
 
Consider the transformation semigroup X = (Q, S), where Q = {0, 1}, S = <s>, s defined by s 
(0) = 1, s (1) =0, we have S = {s, s2} with s2 (0) = 0, s2 (1) = 1 and the identity s3 = s. M (X) = 
(Q, S, FX) the state machine of X is given by the following table: 

FX Xw Y tw 

(0, 0) (1, 1) 
(0, 1) (0, 1) 
(1, 0) (0, 1) 
(1, 1) (1, 1) 
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Let  Y = (P, T) be transformation semigroup, where P = {0, 1}, T = <t>, t defined by t (0) = 1, t (1). 
We have T = {t}, and M (Y) = (P, T, FY), the state machine of Y is given by the following table:  
 

FY T 

0 1 

1 1 

               
We have P = {0, 1} and S = {s, s2}, then SP = {fi : {0, 1} ⟶ {s, s2}, 1 ≤ i ≤ 4}, where f1 (0) = s, f1 (1) = 
s; f2 (0) = s, f2 (1) = s2; f3 (0) =s2, f3 (1) = s; f4 (0) = s2, f4 (1) = s2. We have T = {t}, then SP X T = {(f1, 
t), (f2, t), (f3, t), (f4, t)}.  
 
XwY = (Q X P, SP X T), where  
 
 (f1, t) (0, 0) = (f1 (0) (0), t (0)) = (s (0), t (0)) = (1, 1) 
(f1, t) (0, 1) = (f1 (1) (0), t (1)) = (s (0), t (1)) = (1, 1) 
(f1, t) (1, 0) = (f1 (0) (1), t (0)) = (s (1), t (0)) = (0, 1) 
(f1, t) (1, 1) = (f1 (1) (1), t (1)) = (s (1), t (1)) = (0, 1) 
(f2, t) (0, 0) = (f2 (0) (0), t (0)) = (s (0), t (0)) = (1, 1) 
(f2, t) (0, 1) = (f2 (1) (0), t (1)) = (s2 (0), t (0)) = (0, 1) 
(f2, t) (1, 0) = (f2 (0) (1), t (0)) = (s (1), t (0)) = (0, 1) 
(f2, t) (1, 1) = (f2 (1) (1), t (1)) = (s2 (1), t (1)) = (1, 1) 
(f3, t) (0, 0) = (f3 (0) (0), t (0)) = (s2 (0), t (0)) = (0, 1) 
(f3, t) (0, 1) = (f3 (1) (0), t (1)) = (s (0), t (1)) = (1, 1) 
(f3, t) (1, 0) = (f3 (0) (1), t (0)) = (s2 (1), t (0)) = (1, 1) 
(f3, t) (1, 1) = (f3 (1) (1), t (1)) = (s (1), t (1)) = (0, 1) 
(f4, t) (0, 0) = (f4 (0) (0), t (0)) = (s2 (0), t (0)) = (0, 1) 
(f4, t) (0, 1) = (f4 (1) (0), t (1)) = (s2 (0), t (1)) = (0, 1) 
(f4, t) (1, 0) = (f4 (0) (1), t (0)) = (s2 (1), t (0)) = (1, 1) 
(f4, t) (1, 1) = (f4 (1) (1), t (1)) = (s2 (1), t (1)) = (1, 1) 
 
M (XwY) = (Q X P, SP X T, FXwY) the state machine of XwY is given by the following table: 
 
 
 
 
 
 
 
 

 
 
6. CONCLUSION 
 
In this paper, we give the construction of state machines associated with the direct product of 
transformation semigroups, the cascade product of transformation semigroups and the wreath 
product of transformation semigroups, illustrated by some examples. 

FX s s2 

0 1 0 

1 0 1 

FXwY (f1, t) (f2, t) (f3, t) (f4, t) 
(0, 0) (1, 1) (1, 1) (0, 1) (0, 1) 
(0, 1) (1, 1) (0, 1) (1, 1) (0, 1) 
(1, 0) (0, 1) (0, 1) (1, 1) (1, 1) 
(1, 1) (0, 1) (1, 1) (0, 1) (1, 1) 
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