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In this paper, common fixed point results for two pairs of compatible mappings of type (A-1)
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1. INTRODUCTION

The human reasoning involves the use of variable whose values are fuzzy sets. Description of
system behavior in the language of fuzzy rules, lowers the need for precision in data gathering
and data manipulation, and may be viewed as a form of data compression. But there are situations
when description by a (fuzzy) linguistic variable given in terms of a membership function only,
seems too rough. The use of linguistic variables represents a physical significant paradigm shift
in system analysis.

Atanassov [1] introduced the notion of intuitionistic fuzzy sets by generalizing the notion of fuzzy
set by treating membership as a fuzzy logical value rather than a single truth value. For an
intuitionistic set, the logical value has to be consistent (in the sense YA(x) + pA(x) = 1). YA(x) and
HA(x) denotes degree of membership and degree of non-membership, respectively. All results
which hold for fuzzy sets can be transformed into Intuitionistic fuzzy sets but converse need not
be true. Intuitionistic fuzzy set can be viewed in the context as a proper tool for representing
hesitancy concerning both membership and non-membership of an element to a set. To be more
precise, a basic assumption of fuzzy set theory that, if we specify the degree of membership of an
element in a fuzzy set as a real number from [0, 1], say ‘@’, then the degree of its non-membership
is automatically determined as ‘(1 — a)’, need not hold for intuitionistic fuzzy sets. In intuitionistic
fuzzy set theory, it is assumed that non-membership should not be more than (1 - a). For instant,
lack of knowledge (hesitancy concerning both membership and non-membership of an element
to a set) and the temperature of a patient changes and other symptoms are not quite clear.
Intuitionistic fuzzy set theory has been used to extract information by reflecting and modelling
the hesitancy present in real-life situations. The application of intuitionistic fuzzy sets instead of
fuzzy sets means the introduction of another degree of freedom into a set description. By
employing intuitionistic fuzzy sets in databases, we can express a hesitation concerning examined
objects.

Coker [2] introduced the concept of intuitionistic fuzzy topological spaces. Alaca et al. [3] proved
the well-known fixed point theorems of Banach [4] in the setting of intuitionistic fuzzy metric
spaces. Later on, Turkoglu et al. [5] proved Jungck’s [6] common fixed point theorem in the setting
of intuitionistic fuzzy metric space. No wonder that intuitionistic fuzzy fixed point theory has
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become an area of interest for specialists in fixed point theory as intuitionistic fuzzy mathematics
has covered new possibilities for fixed point theorists.

Sessa[7] has introduced the concept of weakly commuting and Jungck [8] initiated the concept of
compatibility. Cho [9] introduced the concept of compatible maps of type (o) and compatible
maps of type (B) in fuzzy metric space.

The concept of type A-compatible and S-compatible was given by Pathak and Khan [10]. Pathak
et. al. [11] renamed A-compatible and S-compatible as compatible mappings of type (A-1) and
compatible mappings of type (A-2) respectively.

Singh et. al. [12] proved fixed point theorems in fuzzy metric space and menger space using the
concept of semicompatibility, weak compatibility and compatibility of type (B) respectively.

2. PRELIMINARIES
Definition 1. Let X be any set. A fuzzy set 4 in X is a function with domain X and values in [0,1].

Definition 2. A binary operation *: [0,1]x[0,1] —[0,1] is continuous t-norm if * satisfies the
following conditions for all a,b,c,d € [0,1],

(i) * is commutative and associative;

(ii) * is continuous;

(iia*1=agq;

(iv)a*b <c*dwhenevera<candb <d.

Definition 3. A binary operation ¢ :[0,1]x[0,1] — [0,1] is continuous t-conorm if ¢ satisfies the
following conditions for all a,b,c,d € [0,1],

(i) ¢ is commutative and associative;

(ii) ¢ is continuous;

(iii)a ¢ 0 =gq;

(iv)a® b =zc0dwhenevera<candb <d.

Definition 4. A 5-tuple (X, M, N, %, 0) is said to be an intuitionistic fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on
X?2x[0,00) satisfying the following conditions :

D Mxy, t)+ Nxy, t)<1lforallxy e Xand t> 0;

(i) M(xy,0) =0 forallxy € X;

(i) M(xy, t)=1forallxy € Xand t >0 ifand only ifx =y ;
(iv) M(xy, t) = M(y,x, t) forall x,y € Xand t > 0;

(VIM(xy, t) * M(y, z,5) < M(x, z, t+s) for all x,y, z eX and s, t > 0;
(vi) forallxy e X, M(xy,.): [0, ) — [0,1] is left continuous;
(vii) tll_)rglo M(x,y,t)=1forallxy € Xand ¢t > 0;

(viii) N(xy,0) =1 forallxy € X;

(ix) N(xy,t) =0 forall x,y € Xand t > 0 if and only if x = y;

(x) N(xy,t) =N(yx, t) forall x,y € Xand t > 0;

(xi) N(xy, t) O N(y, z,5) 2 N(x, z, t+s) for all x,y, z € Xand s, t > 0;
(xii) for all x,y € X, N(x,y,.) : [0, ) — [0,1] is right continuous;
(xiii) tll_)n; N(x,y,t)=0forallxy € X.
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Then (M, N) is called an intuitionistic fuzzy metric space on X. The functions M (x,y, t) and N(x,y,
t) denote the degree of nearness and the degree of non-nearness between x and y with respect to
t respectively.

Remark 1. Every fuzzy metric space (X,M,*) is an intuitionistic fuzzy metric space of the form (X,
M, 1-M, *, 0) such that t-norm * and t-conorm ¢ are associated as x0y = 1-((1-x) * (1-y)) for all
xy € X.

Remark .2. In intuitionistic fuzzy metric space (X, M, N, *, ), M(x,y, .) is non-decreasing and N(x,y,
.) is non-increasing, for all x,y € X.

Alaca et al. [3] introduced the following notions:

Definition 5. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then
(a) a sequence {x,} in X is said to be Cauchy sequence if, for all ¢t > 0 and p > 0,

lim M(xp4p,%p,t) = 1and lim N(xp4p, X, t) = 0.
n—oo n-—-oo

(b) a sequence {x,} in X is said to be convergent to a point x € Xif, for all ¢ > 0, lim M(x,,x,t) =
n—-oo
1and lim N(x,,x,t) =0.
n—-oo

Definition 6. An intuitionistic fuzzy metric space (X, M, N, *, ¢) is said to be complete if and only
if every Cauchy sequence in X is convergent.

Example 1. Let X = {% :n = 1,23,. } U {0} and let * be the continuous t-norm and ¢ be the

continuous t-conorm defined by a * b = ab and a®¢b = min{1,a+b} respectively, for all a,b € [0,1].
For each x,y € Xand t > 0, define (M,N) by M(xy, t) = L _ift> 0, M(x,y,0) =0 and N(xy, t) =

t+ |x—y|
% ift> 0, N(x,,0) = 1. Clearly, (X, M, N, *, 0) is complete intuitionistic fuzzy metric space.

Definition 7. Two self mappings P and Q of an intuitionistic fuzzy metric space (X, M, N, *, 0) are
said to be compatible , if limp.M(PQx,QPx,t) =1 and limn-N(PQx,QPx,t) = 0 for all t > 0
whenever {x,} is a sequence in X such that limn-wPX,; =limy-e Qx, = z, for some zin X .

Definition 8. Two self mappings P and Q of an intuitionistic fuzzy metric space (X, M, N, *, Q) are
said to be compatible of type (A) , if limy-wM(PQx,QQxyt) = limnoM(QPx,PPx,t) =1 and
limpoeN(PQX,, QQXn,t) = limn-oN(QPx, PPx,t) = 0 for all t > 0, whenever {x,} is a sequence such
that limp—ePx, = limn-e Qx, =z, for some zin X .

Definition 9. Two self mappings P and Q of an intuitionistic fuzzy metric space (X, M, N, *,0) are
said to be compatible of type (A-1), if limy-wM(QPxs,PPx,t) =1 and limy-oN(QPx,,PPxy,t) = 0 for
all ¢t > 0 ,whenever {x,} is a sequence such that limy-Px, =limn-» @x, = z, for some zin X .

Alaca [3] proved the following results:

Lemma 1. Let (X, M, N,*,0) be intuitionistic fuzzy metric space and for all x,y € X, t > 0 and if for a
number k>1 such that M(x,y,kt) 2 M(x,y, t) and N(xy,kt) < N(xy, t) thenx =y.

Lemma 2. Let (X, M, N,* 0) be intuitionistic fuzzy metric space and for all x,y € X, t > 0 and if for a

number k >1 such that M(yn+2,yn+1, t) 2M(yn+1,yn,kt), N(yn+2,yn+1, t) < N(yn+1,yn,kt), Then
{yn} is a cauchy sequence in X.
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Next, we give some properties of compatible mappings of type (A-1) which will be used in our
main theorem.

Proposition 1. Let S and T be self maps of an intuitionistic fuzzy metric space (X, M, N, *, 0). If the
pair (S, T) are compatible of type (A-1) and Sz = Tz for some z in X then STz = TTz.

Proposition 2. Let S and T be self maps of an intuitionistic fuzzy metric space (X, M, N, *, ¢) with
t*t>tand (1-t) 0(1-t)s(1-t) forall tin [0,1].If the pair (S,T) are compatible of type (A-1) and
Sxn,Txn —z for some z in X and a sequence {x,} in X then TTx, —Sz if Sis continuous at z.

Proposition 3. Let S and T be self maps of an intuitionistic fuzzy metric space (X, M, N, *, 0). If the
pair (S, T) are compatible of type (A-1) and Sz = Tz for some z in X then TSz = 55z.

3. COMMON FIXED POINT THEOREMS
In this section, we study common fixed point theorems for compatible mappings of type (A-1).

Theorem 1. Let (X, M, N, *, ) be a complete intuitionistic fuzzy metric space with t #t > tand (1-
t) 0(1-t) < (1-t) . Let A, B, S and T be selfmappings of X such that the following conditions are
satisfied:
)  AX) <TX), BX) <S(X),
(i) S and T are continuous,
(iii)  There exists k € (0,1) such that for every x,y € X,and t >0
M(Ax,By,kt)={M(Sx,Ty,t) * M(Ax,5x,t) * M(By,Ty,t) * M(Ax,Ty,t)} (1
N(Ax,By,kt) < { N(Sx,Ty,t) ON(Ax,Sx,t) ON(By,Ty,t) O N(Ax, Ty,t)} (2)

If the pair (4,S) and ( B, T) are compatible mappings of type (A-1), then 4, B, Sand T have a
unique common fixed point in X.

Proof Let xobe an arbitrary point in X. Since A(X) < T(X) and B(X) < S(X), there exist x; ,x> € X such
that Axy = Tx; and Bx; = Sx2. Inductively, we construct the sequences {y,} and {x,} in X such that

Yene1 = AXon = TXzn+1, Yons2 = BXone1 = SXon+2
forn=0,1, 2,...Now from (1) and (2) for x =Xz, y = X2n+1, we have
M(Ain,BXZn+1,kt) > {M[Sin, TX2n+1,t) * M(Ain,SXth] *M(BX2n+1,TX2n+1,t] * M(Ain, TX2n+1,t)}
that is
M(yzns1, Yaniz kt) 2 {M(V2n, Yonir,t) * M(Y2ne1, Yont) * M(Y2ne2, Yonis,t) * M(Vzne1, Yanen,t)}
M(yzus1, Yousz kt) 2 {M(Y2n, Y2us1,t) * M(Y2ns1, Yous2,t)}
M(yzn+1, Yoniz kt) 2 M(Y2n, Y2nia,t)
and
N[Ain,BXZn,q,kt) < {N(SszTX2n+1,t] QN[AszSXZn,t] 0N[BX2n+1,TX2n+1,t] ON(AszTXZn,q,t)}
that is
N(yzn+1, Yznsz,kt) < {N(yzn, yzni,t) ON(Vzne1, Yant) ON(Vznsz, Yanes,t) ON(Vznes, Yznint)}
N(yzn+1, Y2nez,kt) < {N(Vzn, Y2ni1,t) ON(Y2ne1, Yone2,t)}
N(yzn+1, Y2nez,kt) < N(Vzn, Y2ns1,t)
Similarly,
M(Yz2nsz2, Yaniz kt) 2 M(V2ns1, Yonez, t) and N(y2n+2,y2n+3,kt) < N(y2n+1,y2n+2, t).
Thus, we have
M(Yu+1, Yns2kt) 2 M(yn, Yuer, t) and N(Yns1, Ynezkt) S N(Yn, Ynes, t)  forn=1,2,3,...
Therefore, we have

MO/n,_VrHl, t) >M &n,}’nﬂ,é) >4 M(yn-l,yn, q_t2) 2.2 M(yl,yZ, qin) 61;

56



Applied Mathematics and Computational Intelligence
Volume 8, No.1, Dec 2019 [53-60]

and N(yn, yni1, t) SN (yn,yn,q,é) < N1, Yn, q—tZ) <..<N{1, Y2 qin) — 0 when n — oo,
For each ¢ >0 and t > 0, we can choose ny € N
such that M(y,, yn+1, t) > 1 — € and N(yn, Yns1, t) < € for each n 2 n
For m,n € N, we suppose m = n. Then, we have
t

M Y ) 2 M, Yasts =) * M(net, Ynszs =) *.oo * M(Vim, Y ——)
>((1-¢) *(1-¢) =.(m-n)times... *(1-¢€))
2(1-¢),
and N(yn Y t) € Nn Yusts ——) ONGnet, Yrzs ——) 0. ONGm1, Yims ——)
<((e)9( g)0..(m-n)times... €))
< (g).
M(yn ym t) > (1-€), N(yn ym t) < €.
Hence {y,} is a Cauchy sequence in X. As X is complete, {y,} converges to some point z € X. Also,
its subsequences converges to this point z € X, i.e. {Bxyn11} = 2 {Sxon} = 2 {Axon)} — 2
{Txon41} > 2
Since the pair (A,S) and (B,T) are compatible mappings of type (A-1), then from proposition 2,
we have AAxz, Sz and BBxzn+1 > Tz

3)

By (1) for x = Axznand y = Bxzn + 1, we have

M(AAXzn, BBz +1,kt) 2{M(SAX21, TBX21 +1,t)*M(AAX2n,SAX20,t) *M(BBXzn +1, TBXzn +1,t) *M(AAX 2, TBX2n
+1t)}

Taking limit n — oo, using (3) and proposition 1 we get

M(Sz,Tzkt) 2{M(Sz,Tzt) * M(Sz,Szt) *M(TzTzt) + M(SzTzt)}

M(Sz,Tzkt) > M(Sz,Tzt)

By (2) for x = Axzn and y = Bxz, + 1, we have

N(AAXz2n,BBxzn +1,kt) S{N(SAXz21, TBx2n +1,t) ON(AAX2n,SAX20,t) ON(BBXzn +1, TBXzn +1,t) ON(AAX20, TBX2n
+1,t)}

Taking limit n — oo, using (3) and proposition 1 we get

N(Sz,Tzkt) < {N(5zTzt) ON(SzSzt) ON(TzTzt) ON(SzTzt)}

N(Sz,Tzkt) < N(5zTzt)

Bylemma 1, Sz = Tz.

(4)

Again by inequality (1), for x = zand y = Bxz+ 17, we have

M(Az,BBxzp +1,kt) 2{M(Sz, TBxz2p +1,t) *M(Az,Sz,t) *M(BBxzp +1, TBXz2n +1,t) *M(Az, TBXzn +1,t)}
Taking limit n = oo, using (3), (4)we get

M(Az Tz,kt) 2{M(Sz,Tzt) *M(AzSzt) *M(TzTzt) *M(Az Tzt)}

M(Az,Sz kt) 2{M(Sz,S5z,t) «M(Az,Sz,t) *M(TzTzt) «M(AzSzt)}

M(AzSzkt) 2 M(AzSzt).

Again by inequality (2), for x = z and y = Bxz, + 1, we have

N(Az BBXxzn +1,kt) < {N(S2,TBxz2n +1,t) O N(Az,Sz,t) O N(BBxzy +1,TBxz2n +1,t) O N(Az, TBXzn +1,t)}
Taking limitn — oo, using (3), (4)we get

N(Az Tz kt) < {N(SzTzt) ON(AzSzt) ON(TzTzt) O N(AzTzt)}

N(AzSzkt) < {N(S5z,Szt) ON(AzSzt) ON(TzTzt) O N(AzSzt)}

N(AzSzkt) < N(AzSzt).

By lemma 1, Az = Sz.

(5)

Again by inequality (1), for x = zand y = z, we have
M(AzBzkt) > {M(S5z,Tzt) * M(AzSzt) * M(Bz,Tzt) x M(Az Tzt)}
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Using (4) and (5)

M(Az,Bzkt) 2 {M(Sz,Sz,t) x M(Sz,5z,t) * M(Bz,Azt) x M(Tz,Tzt)}
M(AzBzkt) > M(Bz,Azt)

Again by inequality (2), for x = zand y = z, we have
N(AzBzkt) < {N(Sz,Tzt) ON(AzSzt) ON(BzTzt) ON(AzTzt)}
Using (4) and (5)

N(AzBzkt) < {N(Sz,Szt) ON(SzSzt) ON(Bz,Azt) ON(TzTzt)}
N(AzBzkt) < N(BzAzt)

By lemma 1, Az = Bz

(6)

Thus from (4), (5) and (6) we getAz=Bz=5z=Tz

(7)

Now we will prove that Az = z

By inequality (1), putting x = z and y = xzn+1,

M(AzBxzni1,kt) 2 {M(S2,Txzn+1,t) * M(AZS2,t) * M(BXzn+1, TXz2n+1,t) * M(AZ, TX20:1,t)}
Taking limitn — oo, using (7) we get

M(Azzkt) = {M(Sz,z,t) * M(AzSzt) *M(z,z,t) » M(Azzt)}

M(Azzkt) > M(Azzt)

By inequality (2), putting x =z and y = xzn+1,

N[AZ,BX2n+1,kt) < {N[SZ,TX2n+1,t) QN(AZ,SZ,L“) 0N(BX2n+1,TX2n+1,L'] 0N(AZ,TX2n+1,t]}
Taking limit n — oo, using (7) we get

N(Azzkt) < {N(Szzt) ON(AzSzt) ON(zzt) ON(Azzt)}

N(Azzkt) < N(Azzt)

Bylemma 1,4z =z.

Combining all results, we getz=Az=Bz=5z=Tz.
From this we conclude that z is a common fixed point of 4, B, S and T.

Uniquess: Let z; be another common fixed point of 4, B, S and T. Then
Z1=AZ1 = BZ1 :SZ1 = TZ1

and z=Az=Bz=S8z2=Tz

then by inequality (1), putting x =z and y = z;, we get

M(AzBz1,kt) 2 {M(Sz,Tz,t) * M(AzSzt) * M(Bz1,Tz,t) * M(Az Tz,t)}

M(z,z1,kt) 2 {M(z,z1,t) * M(z,zt) *M(z1,21,t) * M(z,21,t)}

M(z,z1,kt) 2 M(z,z1,t)

and by inequality (2), putting x =z and y = z;, we get

N(Az Bz, kt) < {N(S2,Tz1,t) ON(AzSzt) O N(Bz1,Tz1,t) O N(Az Tz,t)}

N(z,z1,kt) < {N(zz1,t) ON(z,zt) ON(z1,z1,t) ON(zz1,t)}

N(z,z1,kt) < N(zz,t)

Bylemma 1, z = z;.

Thus, z is the unique common fixed point of 4, B, Sand T.

If we increase the number of self maps from four to six, then we have the following.
Corollary 1. Let (X, M, N, *, 0) be a complete intuitionistic fuzzy metric space with ¢t #t >t and
(1-t) 0(1-t) < (1-t) . Let A, B, S, T, I and J be self mappings of X such that the following conditions

are satisfied :

() ABX) <J(X) and ST(X) < (X),

(i) I and J are continuous,
(iii)  There exists k € (0,1) such that for everyx,y € X, and t >0
M(ABx,STy,kt) > {M(Ix,Jy,t) * M(ABx,Ix,t) * M(STy,Jy,t) * M(ABXx,]y,t)} (8)
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N(ABx,STy,kt) < { N(Ix,Jy,t) O N(ABx,Ix,t) ON(STy,Jy,t) ON(ABx]Jy,t)} 9

If the pair (AB, I) and (ST, ]) are compatible mappings of type (A-1), then AB, ST, I and J have a
unique common fixed point. Furthermore, if the pairs (4, B), (4, 1), (B, I), (S, T), (S,]) and (T, ]) are
commuting mapping then 4, B, S, T, [ and ] have a unique common fixed point.

Proof. From theorem 1, z is the unique common fixed point of AB, ST, I and J.

Finally, we need to show that z is also a common fixed point of 4, B, S, T, I, and J. For this, let z be
the unique common fixed point of both the pairs (4B, I) and (ST, J). Then, by using commutativity
of the pair (4, B), (4, 1), and (B, I), we obtain

Az =A(ABz) = A(BAz) = AB(Az), Az = A(Iz) =I (Az), (10)
Bz =B(ABz) = B(A(Bz)) = BA(Bz) = AB(Bz) ,Bz=B(1z) = I( Bz),

which shows that Az and Bz are common fixed point of (4B, I), yielding thereby
Az=z=Bz=1z=ABz (11)

in the view of uniqueness of the common fixed point of the pair (AB, I). Similarly, using the
commutativity of (S, T), (S, J), (T, ]) it can be shown that

Sz2=Tz=]z=8Tz==z (12)

Now, we need to show that Az = Sz (Bz = Tz) also remains a common fixed point of both the pairs
(AB, I) and (ST, ]). For this, putx =zand y = zin (8) and using (11) and (12), we get

M(ABz,STzkt) = {M(lz,]z,t) + M(ABzIzt) * M(STz]zt) * M(ABzJzt)}

M(AzSzkt) > M(AzSzt)

and by (2)

N(ABzSTzkt) < { N(IzJzt) ON(ABzlzt) ON(STzjzt) ON(ABz]zt)}

N(AzSzkt) < N(AzSzt)

By lemma 1, we get

Az = Sz. Similarly, it can be shown that Bz = Tz. Thus, z is the unique common fixed point of 4, B, S,
T, Iand].

4. CONCLUSION

The established results generalize some results of [11] in the setting of Intuitionistic Fuzzy
Metric Space.
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