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ABSTRACT

This study deals with three dimensional rotating nanofluid over a shrinking sheet with velocity
slip. Similarity transformations have been used for reducing the partial differential equations
into a system of ordinary differential equations. The transformed ordinary diffential equations
are solved numerically using BVP4C. The effects of Prandtl number Pr, suction parameter
S, shrinking parameter λ, rotation parameter ω and slip parameter K on the velocity and
temperature fields are presented and discussed in detail. The change in Prandtl number only
affects the temperature profile while changing the rotation parameter affects velocity profiles.
As the suction parameter rises, it results an increased velocity profile while the increase
of slip parameter leads to a reduction in velocity profiles. As the Prandtl number, suction
parameter, shrinking parameter, rotation parameter, and slip parameter rises, there is a
reduction in the boundary layer thickness. This study provides valuable guidance and insights
for researchers and practitioners investigating the mathematical or experimental aspects of
three-dimensional rotating hybrid nanofluids with slip effects.
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1 INTRODUCTION

Nanofluids, which are colloidal suspensions of nanoparticles in a base fluid, have attracted significant
attention due to their enhanced thermal and mechanical properties. The study of nanofluid flow
in rotating systems has gained importance in various engineering applications such as cooling of
electronic devices, lubrication systems, and heat transfer in rotating machinery. The study begins
with an introduction to the basic principles of nanofluid flow, including the governing equations and
boundary conditions. It discussed the role of nanoparticles in enhancing the thermal conductivity
and viscosity of the base fluid, and the mechanisms governing the convective heat transfer in
nanofluids. Various models, such as the single-phase approach [1] and two-phase approach [2], used
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to describe nanofluid flow are presented.

Wang [3] presented a groundbreaking investigation into the three-dimensional rotating viscous flow
generated by a stretching surface. Through the application of perturbation techniques, he supplied
analytical solutions for fluid flow under rotation around a surface that is capable of stretching. The
study then delves into the specific area of rotating nanofluid flow. It high- lights the importance of
understanding the behavior of nanofluids in rotating systems and the associated challenges. Different
types of rotating systems, such as rotating cylinders by Ali et al. [4], rotating disks by Ussain
et al. [5], and rotating annuli by Sankar et al. [6] were discussed along with the corresponding
mathematical formulations and boundary conditions. In additional, Mustafa et al. [7] discovered
the effects of nonlinear thermal radiation on rotating flow of magnetite-water nanofluid, where
they observed a sharp growth in heat transfer rate with increasing nonlinear thermal radiation
parameter. Hayat et al. [8] investigated a rotating three-dimensional flow of hybrid nanofluid via
partial slip and radiaton. They concluded that the temperature profile increases with the increase
of the rotational and radiation parameter.

The theoretical study of thermal conductivity of nanofluids was introduced by Xuan and Li [9].
The volume fraction, shape, dimensions and properties of the nanoparticles affect the thermal
conductivity of the nanofluid. By introducing nanoparticles, the thermal conductivity of the
nanofluid can be significantly increased compared to the base fluid alone. Mathematical formulation
of nanofluid was simplified by Buongiorno [10] who stated that the basic mechanics contributing to
thermal enhancement are Brownian diffusion and thermophoresis. Another sub-branch of nanofluids
is known to be magnetic nanofluids which have several applications in the field of engineering. This
type of nanofluids were under influenced of magnetic field and gives much more interpretations of
heat transfer and hydrodynamic characteristics as given by Uddin et al. [11].

The study of hybrid nanofluid, which is prepared by suspending two or more types of nanoparticles
in the base fluid, was pioneered by [12–14]. Their study encompassed on alumina and copper as the
hybrid nanoparticles. Hayat et al. [15] examined and compared the improvement of flow and heat
transfer characteristics between a rotating nanofluid and a newly discovered hybrid nanofluid in the
presence of velocity slip and thermal slip, where they observed that the velocity and temperature
distributions are decreasing functions of the slip parameter, and concluded that the heat transfer
rate of the hybrid nanofluid is higher as compared to the traditional nanofluid. Aly and Pop
[16] concluded that when the magnetic field, suction, and copper volume fraction parameters are
increased, the hybrid nanofluid leads to a greater decrease in the temperature profile compared to
the mono nanofluid. Similar finding was reported by Waini et al. [17], where the skin friction and
the heat transfer rate increase with the increase of copper nanoparticle.

The problem of heat and mass transfer in 3-D MHD radiative flow of water based hybrid nanofluid
over an extending sheet by employing the strength of numerical computing based Lobatto IIIA
method has been investigated by Shoaib et al. [18], and they found that the heat transfer rate
increases with the increase in magnetic effect, Biot number and rotation parameter. Usafzai et
al. [19] presented dual solutions for the two-dimension copper oxide with silver (CuO–Ag) and
zinc oxide with silver (ZnO–Ag) hybrid nanofluid flow past a permeable shrinking sheet in a dusty
fluid with velocity slip, where they revealed that in the scenario of decreasing flow, the wall skin
friction is more pronounced in the dusty fluid as opposed to the viscous fluid. Asghar et al. [20]
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Figure 1 : Physical model

explored the influence of convective boundary conditions, viscous dissipation, thermal radiation,
and heat sources/sinks on 3-D hybrid nanofluid flow across the linear stretching/shrinking sheet.
They discovered that applying positive and negative increments to the rotational parameter leads
to an increase in velocities for both solutions. Very recently, the problem of three-dimensional
convective rotating hybrid nanofluid flow over a linear stretching/shrinking sheet under the influence
of dissipative heat has been considered by Baag et al. [21]. In their research, the effects of dissipative
heat that arise due to viscous dissipation and Ohmic dissipation are analyzed.

Motivated by above-mentioned studies, we intend to explore the effects of suction, rotation, shrinking,
slip and Prandtl number towards a three-dimensional hybrid nanofluid with the involvements of
alumina and copper nanoparticles over a shrinking sheet. The effects of the governing parameters
on the primary physical quantities are presented in graphs, and thoroughly discussed in Section 3.

2 PROBLEM FORMULATION

Consider the three-dimensional rotating nanofluid past a shrinking sheet with partial slip, where x,
y and z are the Cartesian coordinates, the sheet being located along the xy-plane with the z-axis
measured in the vertical direction, as depicted in Fig. 1. The flow occupies the domain z > 0
and the sheet is shrunk in the x-directions with the velocity uw(x) and the far field (inviscid flow)
velocities are ue(x) and ve(x). The sheet is rotating about z-axis with the constant angular velocity
Ω and the constant mass flux velocity is ww with ww < 0 for suction and ww > 0 for injection,
respectively. Further, it is assumed that the surface temperature of the sheet is Tw, while the far
field temperature is T∞. The nanofluid is only partially imitating the shrinking sheet, and the fluid
motion is thus subjected to the slip-flow conditions. We use here, water (H2O as the base fluid),
copper (Cu) and alumina (Al2O3) as thermo physical properties of the nanofluids. Under these
assumptions, the following set of partial differential equations governing the continuity, momentum,
and energy equations, can be expressed in the Cartesian coordinates (x, y, z) as the following [14, 22]
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subject to the boundary conditions

u = uw(x) = U(x)λ+ uwslip(x), vw(x) = vwslip(x), w = ww, T = Tw at z = 0,

u = ue(x) → 0, ve(x) → 0, T → T∞ as z → ∞,
(5)

where u, v and w are the velocity components along x, y and z axes, T is the temperature of the
nanofluid, Uw(x) = ax, where a is a positive constant, and λ < 0 is the shrinking parameter with
λ = 0 corresponding to the static sheet.

The velocities slips components are defined as [23]

uwslip(x) = N
µhnf

ρhnf

∂u

∂z
, vwslip(x) = N

µhnf

ρhnf

∂v

∂z
, (6)

where N is the slip length. Table 1 and 2 display the correlation of the physical properties [24–26]
and the hybrid nanofluid’s thermo-physical properties [27], respectively. Here in these tables, the
hnf , f , 1 and 2 subscripts refer to the hybrid nanofluid, base fluid and solid nanoparticle for the
alumina and solid nanoparticle for copper, accordingly, and ϕ1 and ϕ2 represent the alumina and
copper volume fraction parameters, respectively.

Table 1 : Hybrid nanofluid physical properties.

Properties Hybrid Nanofluid Correlations

Density ρhnf = ρ1ϕ1 + ρ2ϕ2 + ρf (1− ϕhnf ), where ϕhnf = ϕ1 + ϕ2

Heat capacity (ρCp)hnf = (ρCp)1ϕ1 + (ρCp)2ϕ2 + (ρCp)f (1− ϕhnf )

Dynamic Viscosity
µhnf

µf
=

1

(1− ϕhnf )

Thermal Conductivity
khnf

kf
=

2kf +
(
ϕ1k1+ϕ2k2

ρhnf

)
+ 2(ϕ1k1 + ϕ2k2)− 2ϕhnfkf

2kf − (ϕ1k1 + ϕ2k2) +
(
ϕ1k1+ϕ2k2

ρhnf

)
+ ϕhnfkf


Guided by the boundary conditions (5), the following similarity variables are introduced

u = axf ′(η), v = axg(η), w = −√
aνff(η), θ(η) =

T − T∞
Tf − T∞

, η = z

√
a

νf
. (7)
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Table 2 : Thermo-physical properties.

Physical Properties Water Al2O3 Cu

ρ (kg/m3) 997.1 3970 8933

Cp (J/kgK) 4179 765 385

k (W/mK) 0.613 40 400

Substituting (7) into Eqs. (1)-(4), Eq. (1) is satisfied, while Eqs. (2)-(4) are transformed to
following ordinary (similarity) differential equations

µhnf/µf

ρhnf/ρf
f ′′′ + ff ′′ − f2 + 2ωg = 0, (8)

µhnf/µf

ρhnf/ρf
g′′ + fg′ − f ′g − 2ωf ′ = 0, (9)

1

Pr

khnf/kf
(ρCp)hnf/(ρCp)f

θ′′ + fθ′ = 0, (10)

along with the boundary condition

f(0) = S, f ′(0) = λ+Kf ′′(0), g(0) = Kg′(0), θ(0) = 1,

f ′(η) → 0, g(η) → 0, θ(η) → 0 as η → ∞.
(11)

Here Pr =
(ρCp)f

kf
is the Prandtl number, ω = Ω/a is the angular velocity of the hybrid nanofluid

and K = N
√
aνf is the slip parameter.

It is worth mentioning that for ϕ1 = ϕ2 = 0 (classical viscous fluid) and if K = 0, there is no slip
i.e., velocity of the fluid and the sheet is the same and then boundary conditions (11) are reduced
to those of [3] and [28]. If K → ∞, the surface is stress-free indicating no flow at all.

The quantities of physical interest are the skin friction coefficient Cfx along the x-axis, Cfy along
the y-axis and the local Nusselt number, which are defined as

Cfx =
µhnf

ρfu2w(x)

(
∂u

∂z

)
z=0

, Cfy =
µhnf

ρfu2w(x)

(
∂ν

∂z

)
z=0

,

Nux =
xkhnf

kf (Tw − T∞)

(
−∂T

∂z

)
z=0

.

(12)

Using (7), we get

Re1/2x Cfx =
µhnf

µf
f ′′(0), Re1/2x Cfy =

µhnf

µf
g′′(0), Re−1/2

x Nux = −khnf
kf

θ′(0), (13)

where Rex = uw(x)/νf is the local Reynolds number.
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3 RESULTS AND DISCUSSION

The bvp4c solver in MATLAB is employed to assess the numerical solutions for Eqs. (8)-(10)
under the specified boundary conditions (11). In order to compute the most accurate results, it
is necessary to carefully select and fine-tune appropriate initial guesses, preferred boundary layer
thickness, and various parameter values within the coding function of the solver. Throughout this
study, the shrinking parameter, Prandtl number, and nanoparticle volume fraction for alumina
remain constant, set at λ = −1, Pr = 6.2, and ϕ1 = 0.01, respectively. Conversely, parameters like
the nanoparticle volume fraction for copper ϕ2, suction S, rotation parameter ω, and slip parameter
K are varied to analyze their effects on boundary layer flow and heat transfer.

To validate our findings, we compare the numerical values of Re
1/2
x Cfx and Re

−1/2
x Nux from this

study with previous results reported by Devi and Devi [12, 14], as depicted in Table 3. Specifically,
we examine the case of Cu-water (ϕ1 = 0, ϕ2 = 0.04) on a stretching surface (λ = 1), with ω = K = 0
and Pr = 6.135. Another comparison was made for the case of viscous fluid (ϕ1 = ϕ2 = 0) and
stretching sheet (λ = 1) with Asghar et al. [20] by setting Pr = 6.2, S = 0 and K = 0, as shown
in Table 4. We find a satisfactory correlation between the present findings and those of previous
studies. Thus, we can confidently assert the validity and acceptability of the technique and results
presented in this study.

Table 3 : Comparison of skin friction coefficient and local Nusselt number for Cu-Water (ϕ1 = 0, ϕ2 = 0.04)
when λ = 1, ω = K = 0 and Pr = 6.135.

[12] [14] Present results

S Re
1/2
x Cfx Re

−1/2
x Nux Re

1/2
x Cfx Re

−1/2
x Nux Re

1/2
x Cfx Re

−1/2
x Nux

0.5 −1.582096 4.132241 − − −1.582070230 4.132244667
0 − − −1.208432 1.822984 −1.208325024 1.823025913

Table 4 : Comparison of the present values of f ′′(0) and g′(0) with Asghar et al. [20] when ϕ1 = ϕ2 = 0,
λ = 1, K = 0 and Pr = 6.2.

[20] Present findings
ω f ′′(0) g′(0) f ′′(0) g′(0)

0 −1 0 −1 0
0.5 −1.13837 −0.512760 −1.138374180 −0.512760732
1.0 −1.325028 −0.837098 −1.325028720 −0.837098263
1.5 −1.496403 −1.082978 −1.496403757 −1.082978655
2.0 −1.652352 −1.287258 −1.652351998 −1.287258831
2.5 −1.795728 −1.465217 −1.795728182 −1.465217196
3.0 −1.928931 −1.624735 −1.928931455 −1.624735752

Figs. 3-5 display the velocity profiles f ′(η) and g(η) and temperature profiles θ(η), respectively,
for different values of rotation parameter ω when ϕ1 = ϕ2 = 0.01, S = 3, λ = −1, K = 0.2 and
Pr = 6.135. The increase in ω leads to decrease in boundary layer thickness, as illustrated in the
Figs. 3 and 5, while the opposite effect is observed in Fig. 4. This occurs because rotation introduces
additional forces, including centrifugal and Coriolis forces, which can impact the boundary layer
thickness. These forces have the potential to affect the fluid near the surface, either reducing or
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increasing the thickness of the boundary layer.

The effects of slip parameter K is demonstrated throughout Figs. 6-8 when ϕ1 = ϕ2 = 0.01, S = 3,
λ = −1, ω = 0.2 and Pr = 6.135. Like the previous figures, it seems that the increase of slip
parameter causes the reduction in boundary layer thickness in f ′(η) and θ(η), but not g(η). This
happens because slip enables fluid particles to move more effortlessly across the surface, decreasing
flow resistance and leading to a thinner boundary layer. However for the lateral velocity g(η), fluid
particles near the surface experience reduced friction, allowing them to slide more easily. This
increased mobility can lead to the formation of vortices or disturbances in the flow, causing mixing
and entrainment of outer fluid into the boundary layer. As a result, the boundary layer thickness is
increasing due to the additional fluid being drawn into it.

Moreover, the influence of suction parameter S against the velocity and temperature profiles when
ϕ1 = ϕ2 = 0.01, K = 0.6, λ = −1, ω = 0.2 and Pr = 6.135 is demonstrated in Figs. 9-11. It is
found in these figures that the increment in suction parameter causes the thinning of boundary
layer thickness. This happens because suction is pulling away some of the slow-moving air near the
surface, which then creates space for faster-moving air from further away to replace it, resulting in
a thinner boundary layer.

In addition, the increase of the copper volume fraction parameter ϕ2(= 0.01, 0.015, 0.02) causes the
decrement in boundary and thermal layer thickness, as displayed in Figs. 12-14. Typically, as the
copper volume fraction rises, the fluid’s viscosity decreases. This reduction in viscosity translates
to reduced flow resistance, leading to increased velocities throughout the flow field. Additionally,
copper nanoparticles exhibit higher thermal conductivity in comparison to the base fluid. Therefore,
with an increase in the volume fraction of copper, the fluid’s thermal conductivity also rises. As
a result, heat is more effectively transferred within the fluid, resulting in an enhancement of the
temperature profiles.

Finally, the effects of Prandtl number Pr against f ′′(0), g′(0) and −θ′(0) as well as the temperature
profile θ(η) are depicted in Table 5 and Fig. 2, respectively. The rise in Pr evidently results
in a higher local Nusselt number, as displayed in Table 5. Higher Prandtl numbers improve the
convective heat transfer coefficient due to the more effective momentum transfer relative to heat
diffusion, which enhances the overall heat transfer rate. Moreover, Fig. 2 shows that the increase
of Pr leads to the thinner thermal boundary layer, resulting in a steeper temperature gradient at
the surface. A steeper temperature gradient at the surface enhances the rate of heat transfer from
the surface to the fluid, which increases the local Nusselt number, which supports the previous
statement.

4 CONCLUSION

The three-dimensional rotating nanofluid over a shrinking sheet with velocity slip has been considered
and solved numerically using a BVP4C function in Matlab. The followings are the findings that
can be summarized from this study:

1. As the suction parameter rises, it results an increased velocity profile f ′(η), a decreased
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Table 5 : The values of f ′′(0), g′(0) and −θ′(0) for Pr when ϕ1 = 0.01, ϕ2 = 0.2, S = 3, λ = −1, ω = 0.2
and K = 0.2

Pr f ′′(0) g′(0) −θ′(0)

1 2.071592016 0.049697313 1.560387507
3 2.071592016 0.049697313 4.752130960
5 2.071592016 0.049697313 7.973845095
6.2 2.071592016 0.049697313 9.912304453
8 2.071592016 0.049697313 12.823841998
10 2.071592016 0.049697313 16.062044175
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Figure 2 : Temperature profiles θ(η) for varied Pr

velocity profile g(η), while slip parameter leads to a reduction in both of velocity profiles.
Both of parameter results an increase in the temperature profile θ(η).

2. The increase of suction parameter, shrinking parameter, rotation parameter and slip parameter
results in a reduction of the boundary layer thickness.

3. The increase of copper volume fraction parameter reduces the boundary layer thickness but
widen the thermal boundary layer thickness.

4. The increase in the Prandtl number leads to a thinner thermal boundary layer and a steeper
temperature gradient at the surface.
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