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ABSTRACT

The effect of variable axial force on a loaded beam subjected to both constant and variable loads
are considered herein. The beam is assumed to be uniform, thin, and has a simple support at both
ends. The constant load moves with constant velocity and uniform acceleration. The Galerkin’s
method and the integral transformation method are employed in solving the fourth order partial
differential equation describing the motion of the beam - load system. On solving, results show
that, increase in the values of axial force N gives a significant reduction in the deflection profile
of the vibrating beam. Results also show that the addition of the axial force N, foundation
modulus K, and consideration of a damping effect in the governing equation increases the
critical velocity of the dynamical system, thus, the risk of resonance is reduced.
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1 INTRODUCTION

Solid bodies vibrate when loads move on them, this phenomenon has led to the study of elastic
bodies’ reaction under the influence of moving loads. This article considers a beam whose mass is
smaller than the mass of the moving loads. In a problem of a beam under moving loads, making the
position of the loads changes continuously, this effect of the load on the beam is thus of great
importance. Extensive work has been done on this class of dynamical problem when the structural
members have uniform cross - sections.

Euler Bernoulli beam theory shows a simplification of the linear theory of elasticity. The theory
proposes a procedure for calculating the load - carrying and deflection characteristics of beams. It
was first enunciated in 1750, but was not applied on a large scale until the development of the Eiffel
Tower and the Ferris wheel in the late 19th century, following these successful demonstrations, it
has become a cornerstone of engineering and an enabler of the second industrial revolution [8].

An extension to known analytical tools have been developed, these include; plate theory and finite

element analysis. However, the simplicity of beam theory makes it an important tool in the sciences
especially structural and mechanical engineering.
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Several researchers have done extensively in the area of beam theory, see [1, 3, 6,7, 8,10, 11, 16, 17,
18, 19, 22, 23], and among the few studies about the response of elastic structures to moving
distributed loads known in the literature is the work of [3], who studied the dynamic response of
plates on pastermark foundation under distributed moving load.

An extensive treatment on the vibrations of beams reacting to the influence of moving loads
containing a large number of similar cases have been studied in [17]. A dynamic Green function
approach was used by [17] to obtain the response of a finite length of a simply supported Euler -
Bernoulli beam affected by a moving load. They proposed a matrix expression for the deflection of
the beam. In the case where the moving mass causes a dynamic behaviour on simply supported Euler-
Bernoulli beam was studied in [8].

In the aforementioned study, several authors have neglected the damping term in the governing
differential equation of motion. This study therefore investigates the transverse displacement
response of axially presented thin beams when the load is constant and when it (load) varies.

In solving differential equations, several approaches have evolved, some of which include analytical
approach; see [2, 4], numerical approximation; see [5, 12 - 15] and machine learning techniques; see
[9, 20, 21], just to mention a few. Here in, we obtain the solution to the governing equation by using
the Galerkin’s method to reduce the order of the differential equation and then employ the integral
transform method to obtain its solution.

2 THE GOVERNING EQUATION

The Newton's second law of motion is used to derive the equation of motion of a thin beam vibrating
transversely under the effect of a moving load. The beam in consideration rests on an elastic
foundation with foundation modulus K, and vibration is caused by a moving load P(x, t). This beam
is subjected to an axial force N and it is parallel to the x - axis. This is illustrated in Fig. 1.

P(x, t)

Figure 1 : A Beam resting on an elastic foundation.

The partial differential equation (PDE) describing the vibration of the Bernoulli - Euler beam due to
the action of a moving load when the beam has constant flexural - rigidity EI and it rests on a elastic
foundation K with variable axial force N is given by:
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04 02 d 02
EIWW(X, t) — N(4x — 3x% + x3)ww(x, t) + & aw(x, t) + ,umw(x, t) + Kw(x,t)
= P(x,t), (D

where w(x, t) is the lateral deflection of the beam measured from its equilibrium position, EI is the
flexural rigidity of the beam, E is the young modulus of elasticity, I is the moment of inertia, K is the
foundation constant, g is the acceleration due to gravity, x is the spatial coordinate, u is the mass per
unit length of the beam, N is the axial force, t is the time coordinate, P(x, t) is the variable load.

Equation (1) represents the transverse motion of the thin beam being influenced by a moving load
together with the assumptions below:

i) The rotatory inertia is not considered.

ii) The thin beam has a uniform cross - section

iii) The mass of the beam is constant per unit length.

iv) The beam’s axis experience extension and contraction.
V) The beam has a simple support on both edges.

Here, the beam model (1) taken to be simply supported has the boundary conditions:

w(x, t) =w(L,t) =0,

2 2

WW(O’ t) = WW(L' t) =0,

with initial conditions:

0
w(x,0)=0= Ew(x, 0)=0.

3 LATERAL DEFLECTION OF THE VARIABLE AXIAL FORCE ON THE VIBRATION OF A THIN
BEAM SUBJECTED TO CONSTANT LOAD

Solving the governing equation (1) for the lateral deflection, the Galerkin’s method is used to reduce
equation (1) to a second order partial differential equation (PDE). The second order PDE is then
solved by Laplace transformation.

Here, in the case of constant load P, the variable moving load P(x, t) takes the form:

P(x,t) = P 6(x — ct), (2)

where P is a constant and c is the constant velocity. The function § (x) is defined as:
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0, x=+0
6()() = {OO x=0
And referred to as the Dirac - delta function, having following properties:
b f(k); a<k<b
f S(x—k)f(x)dx = {0; a<b<k
a 0; k<a<hb.

Assuming that the lateral deflection w(x, t) has solution of the form,

sm]nx
w(x, t) = Z Y (t) 3)
substituting equation (2) and (3) into (1), we have,
n
Zy()snﬂr _ N(4x — 322 +x3)_z sm]nx_l_g Zy()sm]nx
Bl dx2 L 09t L4
m=1
si ]nx N si ]nx
Yiss 2 Y (2) K ¥n(©) 25 = PS(x — ct), @)
m=1
Obtaining the first, second, third and fourth derivative of (3) gives
0 - jm jmx
aw(x, t) = Z Ym(t)—cosT
m=1
02 jm\*  jmx
v == ) @ () s,
m=1
3 d 3 : (5)
j jrx
Fav e == 2, n(® () e,
m=1
9% - jm\*  jnx
G @0 = ), 1@ (T) s,
m=1
and substituting (5) into (1) gives
jTT 4 sin jmrx jTT z sin jmrx 0 sm]nx
EIY,,(t) (T) 2 N = 36 4+ 1) (0 (—) 1.0
sm}n si }nx
+ Hoez Yo () + kY, (t) = P§(x — ct). (6)

Galerkin’s method requires that the right hand size of equation (6) be orthogonal to the function
sin jmx sinmm

, we therefore multiply the equation (6) by ——— % and integrate from 0 to L, yielding
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4 L

sin jrx sin mmx 34 SINJTX sinmmx
EIYm(t) f dx +NYm(t) f(4x —3x% +x3) I I dx

0

0 sin jmx sin mmx 02 sin jmx sin mmx
+£0a m(t)f L I dx +yﬁYm(t)—[ I dx

0
sin jrx sinmmx

+ kY, (t)f L dx

L

sinmmx

= Pf 6(x —ct) dx. 7

0
Equation (7) resolves to;

2 2

[EI Yo (£) (%)4 - EO%Ym(t) + M:—;Ym(t) (’T”) + kYm(t)] I + NY (1) (’Tn) I

= P, ®)
where
L
I _fsinjnxsinmnx
1T )L L
0
) 3 SINJTTX sSinmmx
12=-[(4x—3x + x°) dx
L L
sinmmx
13—f8(x—ct) dx.

Evaluating I3, I, and I3 (by integration by parts), when j = m = 1 yields

L=z 9
1_2’ ()

I, = L2 L3+L4+3L3 3L° 10
2 2 8  4m? 8r?’ (10)

I3 = sin (CTﬂt) 1D

Substituting I3, I, and I3 into equation (8) yields,
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EIV. m\* L NY. 7T 2 12 L2 L* 313 3L* d v L 92 v
m(t)(Z) 5t m(t)(_) ottt iz ez T m(t)z tha3 m(t)i
cmt
+kYm(t)— = Psm( I ) (12)

and simplifying to
e mt N m2l? m?lL3 +7T2L4’ N 3m?l®  3m?iLt kL v, (& )+ gL 0 Y. () +yL K ©
2L% L? 2172 8L? ' 41?mn? 8L2m? 20t ™ 2 0t? Y

= Psin (CTM) (13)

Dividing equation (13) through by %L yields

4 NnZLZ Nn2L3+Nn2L4'+3N7r2L3 3Nm2L* kL v (t)+ 0 0 2y o+ 2 0% ®
2L4 212 812 41272 8L27T2 u ot ot?2 Y
cmtt
= Psin (—), (14)
L
Choosing
2P
P, o
€o
m; =—,
Y
2 £l Tt +NT[2L2 Nn2L3+Nn2L4+3N7T2L3 3Nn2L4+kL
M2 = ul|” 214 L2 212 812 41272 8L2m2 2/

equation (14) then becomes

2

d a _ (cmt
MY (6) 1y =V (6) + = Y (6) = Py sin (T) (15)

Taking the Laplace transform of equation (15) with t = 0 and considering the boundary condition,
we have;

LY () = s L[V ()] = sV (£) = Yin (),
LY () = sL[Yim (O] = Y (8),

and Y,,,(0) = ¥, (0).

Therefore equation (15) becomes

cmt

My LY (O] + 1LY (O] + 5L [¥ ()] = Py Llsin (7)1, (16)
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which can be written as

£1Y@) = Py Lfsin (T x o

L [m, + mys + s?]
Let the roots of m, + m;s + s? be s; and s, where

—-my +my? —4m, —my —/my? —4m,
2 ’ 2

S1 =

Then equation (15) becomes

1
(s —s)(s—s2)

Llu(®)] = Py Llsin (5] x
Let

F(s) = P; L[sin (CTM)],

1

(s —s1)(s — s2)

G(s) =
then

F@© = L7 TFE)] = AL~ £lsin ()] = Py fsin ()],

[esl(t) — e%20]

g(t) = L7HG(s)] = L~ [(S — 51)(5 —5,) ] —$2

Thus,

[e510 — e5:0]

S1— 5

crmt
fF© =Pilsin(T), 9@ =

Using the convolution theorem;

frg=[ radgte-wd
0

where, Y, (t) = f x g

[651(t u) _ esz(t u)] ' cITu
f*xg= j s P; [sin (T)]du
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t t
P cmu cmu
=5 _152 es1(® f e S1% [sin (T)]du —e52(® f e~ S2% [sin (T)]du (19)
0 0
Denote @ = %, then (19) becomes
P t t
fxg= L lesl(t) f e~S1% sin Qudu — e52(® f e %2%sin @du
S1 =52
0 0
P
= —[es1O,e520,] (20)
S1 = S2
where,
t
I, = f e S1%sin Qudu,
0
t
I, = f e 2% sin @du .
0
Evaluating I, and I, by integration by part gives
—@eS1tcos Pt + @ — s, e Sttsin Ot
I, = — ) (21)
0% + 54
and
—PeS2tcos Bt + @ — s, e S2tsin Ot
Ib = [ 5 2 . (22)
?% + s,
substituting (21) and (22) into (20) yields
P;® 51 sin @t P;® S, sin @t
Y, () =L2(cos(25t+esl't -2 )— g 2(cos(2)t+e52t —2—> (23)
®2 + 51 Q) Q)Z + SZ Q)
Substituting equation (23) into equation (3)gives the solution
o ( Pgo in Ot
G S1 SIn
w(x, t) = Z (cos®t+eslt— —)
(. ) {@2 + s? ?
m=1
P;® s, sin @ty ) sin jmx
— ———(cos @t + ezt — ) 24
07 1 52 (cos0 7 } L @4

224



Applied Mathematics and Computational Intelligence
Volume 11, No. 1, Dec 2022 [217 - 230]

poo P, 2P me
¢ T —s, YTl T LY

and s, s, are the roots of the quadratic expression m, + m;s + s, which are given as

—m, +m? — 4m, —my —{/m? — 4m,
S =
2 2 2

S1 =

4 LATERAL DEFLECTION OF THE VARIABLE AXIAL FORCE ON THE VIBRATION OF A THIN
BEAM SUBJECTED TO VARIABLE LOAD

The PDE describing the vibration of the Bernoulli - Euler beam being influenced by the action of a
variable moving load

P(x,t) = PetS(x — ct),

with the beam having a constant flexural - rigidity EI and the beam resting on a simply support elastic
foundation K with variable axial force N is defined by,

o* 92 9] 2
El— — N(4x —3x2 + x3) — — K
ppn w(x,t) (4x —3x* +x )ax2 w(x, t) + eoa w(x, t) + o) w(x, t) + Kw(x,t)
= Pet5(x — ct). (25)
We assume that
sm]nx
W, 1) = Z Vo (6) (26)
Then equation (25) becomes
sin jmx sin jmx sin jmx
EIYm(t)< ) Z # NGt = 3 +x3)Ym(t)< ) + £0— at Yy (£) ’
2 ] sm]nx
+’u6t2Y (t) + kY, ()
= Pe'S(x — ct) 27)

Following the approach discussed in section 3, the Galerkin’s method is used to reduce (27) into a
second order PDE

L
2

0 0
m, m(t)+mla Y () + 5 Y (t) = Pjet _[
0

sinmmx

6(x — ct)dx, (28)
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where m, ,m, and P, is properly defined in the equation of the analysis of the constant load model.
The right hand side of (28) implies

L
. sinmmx . sinmmct
Pje 6(x —ct)dx = Pje I

0
Taking the Laplace of equation (27) in conjunction with the initial condition yields

[270(5) — $Y(0) = V' (0)] + sy [V — Vo (O)] + My ¥ = £ [Plet M]

I (29)

Applying the initial condition and rearranging, we have

. sinmmct 1

Y. (0) = P.L [e (30)

L my, +my + 5%

Let the roots of m, + m; + s2 be s; and s,, where

_ _ml + m12 - 4m2 _ _ml - \/mlz - 4‘m2

S1 = 2 ’ S 2

Thus, equation (30) can be expressed as

(31)

— sinmmc 1
Vm(® = PL [et L ] % (s —s)(s—s3)

Resolving by the inverse Laplace transform as discussed in section 3, yields

P st
Y (t) = % [—0eS3tcos Ot + 6 + s3e53tsin Ot]
+ s3

B

— ————[0e5+tcos Ot + O + s,eS+tsin Ot] (32)
02 +s,°
+ S4

where B, = s3=(1—s5;), and s, = (1 — s3).

Py
(s1-52)’

Substituting (32) into (26) yields the solution

Pye
w(x,t) = —B [ —@eSstcos Ot + O + sze53tsin Ot]
02 + s5°
3

sin jmx
L

5 [0e+tcos Ot + 0 + s,e®+'sin Ht]} (33)

02 + s,
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5 NUMERICAL RESULTS AND DISCUSSION

In order to illustrate the analytical result, the length of the thin beam [ = 12.192m, other values used
are velocity c of concentrated loads 8.128m/s, Young modulus, E = 2.10924 X 10°, and moment of
inertia I = 2876 x 1073, The values of the foundation modulus are chosen as ON/m3and
4 x 10’N/m? the values for axial force N chosen as 0 N/m3 and 2 x 10’ N/m3, the transverse
displacement of a supported beam under the influence of a concentrated moving loads are computed
and plotted against time t. This has been done for constant and variable loads with the chosen values
for foundation modulus, circular frequency and axial force.

Fig. 2 displays how the axial force N affects the transverse deflection of the beam resting on an elastic
foundation reacting to the moving distributed loads for both constant and variable loads with a fixed
value of foundation modulus. The figure 4.2 reveals that the responses of amplitude decrease as axial
force N increases.

DEFLECTION PROFILE

1 N=800000

0.8 -~ N=9000000
0.6 / \

0.4 / A\
02 %
0 | N 2 \

02 0 Vo1 3 3 Yo 5

- — =N=0

W(x,t)

-0.4 \
-0.6 \ ’ )

-0.8 =7

-1 TIME

Figure 2: Displacement responses of a simply supported beam resting on an elastic foundation and
subjected to an action of constant moving loads for various axial force, N and fixed value of
foundation modulus K = 200,000.

Fig. 3 displaces the response of amplitude of a supported beam under moving loads for both constant

and variable loads. It is observed that as the value of foundation modulus K, increases for a fixed
value of axial force N, then the response amplitude decreases.
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1 DEFLECTION PROFILE

08 TS

06 / \ FM=8E+5

K \ FM=8E+6
0.4 ’ \

0.2 |/ ¥ / \

W(x,t)
o
|
|
|

-1 TIME

Figure 3: Displacement response of a simply supported beam resting on an elastic foundation and subjected
to action of constant loads for various values of foundation modulus K and fixed value of axial force
N = 200,000.

6 CONCLUSION

As discussed herein, the effect of variable axial force on the vibration of a thin beam subjected to both
constant and variable loads has so far been investigated. These were assumed to have travelled with
same loads under constant velocity.

We have so far looked into the fourth order partial differential equation governing the motion of the
beam. The analytical solution of this PDE" is obtained by the use of a robust technique called the
Galerkin’s method and integral transformation method (the Laplace transform) in conjunction with
convolution theorem.

This study has shown that as the magnitude of the axial force Increases, the deflection of the vibrating

loaded beam decreases, and the higher the value of foundation modulus the lower the deflection
profile of the beam for fixed value of axial force.
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