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ABSTRACT 

The curvature of a curve is important in designing roads, construction of smooth surfaces, or 
grinding workpieces. Curvature is the tool to measure the smoothness of curves and surfaces. 
Therefore, in this paper, the curvature profile of three functions will be compared where these 
three functions also preserved the positivity of the data. These three functions are a rational 
cubic Bézier curve, a rational cubic Ball curve, and a cubic trigonometric Bézier curve. Conditions 
were imposed to preserve the positivity of the data and the results are presented. Then, the 
curvature profile of the curves are compared and analysed. It was found that the interpolated 
curve by cubic Bézier curve is the best among those three types of curves based on the lowest 
amplitude value of curvature. However, for all three curves, the curvatures are not continuous 
since the interpolated curves represent C1 continuity only.  
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1 INTRODUCTION 

Curve interpolation plays an important role particularly in automotive design [1], designing roads 
[2], construction of smooth surfaces [3] and molding workpieces [4]. It is important to preserve the 
properties (i.e. positivity) of the real data and be able to construct a visually pleasing curve. Positivity 
of a data refers to physical quantity that cannot be negative such as stability of radioactive substance, 
population statistics and rainfall measurements. The positive data can be analyzed and forecasted 
further via data interpolation. There are many techniques or methods to interpolate data and one of 
them is spline interpolation. Spline interpolation schemes are common methods used in 
interpolation of real data. Various splines are used to construct visually pleasing and fair curves such 
as radial basis function, piecewise Hermite, Bézier, Ball and trigonometric splines. [5] proposed the 
use of a radial basis function (RBF) to preserve the positivity of 2D and 3D real data. The derivatives 
method is used in the analysis to provide the evidence that the method managed to preserve 
properties of a positive curve and surface. 

[6] used classical piecewise rational cubic Hermite spline to preserve positivity of the data. [7] also 
used piecewise cubic Bézier interpolation in the application of estimating solar radiation missing 
value in Penang, Malaysia. [8] proposed a new scheme that used rational spline to preserve the 
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positivity of positive data. [9] proposed a rational cubic spline with three shape parameters that 
ensures positivity everywhere in the curve. He then came out with a rational quartic spline to 
preserve positivity of the data in [10]. 

Curve interpolation using Ball basis function has also been developed. [11] used cubic Ball with four 
shape parameters to preserve the positivity of the data. Then, [12] proposed a rational cubic Ball with 
two parameters and later applied in image interpolation [13]. The latest development would be in 
[14] where the author proposed a piecewise rational quartic Said-Ball functions where the function 
used linear denominator to preserve positivity of the data. There is also interpolation scheme that 
used a rational cubic Bézier function expressed in terms of Ball control points and weights with four 
shape parameters to preserve positivity of the data [15]. 

For trigonometric curves, some researchers used rational while some used non-rational curves in the 
interpolation. Variety of trigonometric curves are used in respective schemes. [16] proposed a non-
rational quadratic trigonometric spline with three shape parameters to preserve positivity. [17] 
presented schemes using non-rational quadratic trigonometric spline that managed to preserve 
positivity, monotonicity and convexity of the data. This trigonometric spline with three shape 
parameters proposed utilized two of the shape parameters to maintain the shape of the data and one 
of the parameters was used to modify the shape of the interpolant. Further, [18] used cubic 
trigonometric spline with two parameters to preserve positivity of the data. For rational 
trigonometric curves, [19] used rational quadratic trigonometric with four local parameters to 
interpolate positive data. 

The schemes proposed by all these splines give visually pleasing results but it is not easy to decide 
which one is better than the other. Hence, in this paper, we proposed the use of curvature as a tool to 
analyse the fairness of curve. Recently, there are lots of research that use the curvature to determine 
the smoothness of curves and surfaces such as to resolve the manoeuvring speed estimation of a lane-
change system [20]. Another research relies on curvature to find the best shortest path based on the 
calculated nodes [21]. In this research, the positive data will be interpolated using three different 
types of curves. The interpolated curves later will be compared using the curvature plot.  

In this paper, curve interpolation schemes using three curves which are rational cubic Bézier, rational 
cubic Ball and non-rational cubic trigonometric splines will be proposed. Then, the curvature results 
for all three curves will be presented and discussed. This paper is organized as follows. Section 2 
presents the overview of all three curves which include the sufficient conditions imposed to preserve 
positivity of the data. Section 3 describes the curvature formulation while Section 4 presents the 
graphical results which includes the comparison of the curvature for all three splines. Section 5 
concludes the paper. 

2 OVERVIEW 

This section provides the construction of three curves and provides the sufficient conditions imposed 
on each curve to ensure the positivity of real data. We have chosen a positive data taken from Sarfraz 
(2007) for all curves. 
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2.1 Rational Cubic Bézier Curve 

A rational cubic/cubic (referring to a cubic numerator/cubic denominator) Bézier curve, Be(x) For 
𝑥 ∈ [𝑥𝑖, 𝑥𝑖+1] where i = 1, 2, ..., n – 1, is defined as: 

𝐵𝑒(𝑥) = 𝐵𝑒(𝑥𝑖 + ℎ𝑖𝜃) ≡
𝑃𝑒𝑖

𝑄𝑒𝑖
 

where 

ℎ𝑖 = 𝑥𝑖+1 − 𝑥𝑖 ,  𝜃 =  
(𝑥 – 𝑥𝑖)

ℎ𝑖
 ,   

𝑃𝑒𝑖(𝜃) =  𝛼𝑖𝐿𝑖(1 −  𝜃)3 + 3𝑐𝑖𝑀𝑖𝜃(1 −  𝜃)2 + 3𝑔𝑖𝑁𝑖𝜃2(1 −  𝜃) +  𝛽𝑖𝑅𝑖𝜃3  and   

Q𝑒𝑖(𝜃) =  𝛼𝑖(1 −  𝜃)3 + 3𝑐𝑖𝜃(1 −  𝜃)2 + 3𝑔𝑖𝜃2(1 −  𝜃) +  𝛽𝑖𝜃3. 

𝛼𝑖, 𝛽𝑖, 𝑐𝑖 and 𝑔𝑖 are the weights. 𝐿𝑖, 𝑀𝑖, 𝑁𝑖  and 𝑅𝑖 are the control points. The following interpolating 
properties are used to ensure Be(x) achieve C1 continuity where the first derivative of the endpoint 
of the segments are the same: 

Be(xi) = fi ,  Be(xi+1) = fi+1 ,          Be’ (xi) = di ,          Be’ (xi+1) = di+1    

where di are the estimated derivative values at given knots.  

Using the properties given in (4), the following shape parameter values are derived as to ensure the 
Bézier curve, Be(x) in  (1) preserves the positivity of the data. 

 αi , βi > 0,            ci > max{ 0, − 
𝛼𝑖ℎ𝑖𝑑𝑖 

3𝑓𝑖
 } ,           gi > max{ 0, − 

𝛽𝑖ℎ𝑖𝑑𝑖+1 

3𝑓𝑖+1
 } . 

 

2.2 Rational Cubic Ball Curve 

A piecewise rational cubic Ball function B(x) in cubic/cubic form which is defined as: 

𝐵(𝑥) = 𝐵(𝑥𝑖 + ℎ𝑖𝜃) ≡
𝑝𝑖(𝜃)

𝑞𝑖(𝜃)
 

where  𝑝𝑖(𝜃) =  𝑢𝑖𝑈𝑖(1 −  𝜃)2 + 2𝑣𝑉𝑖𝜃(1 −  𝜃)2 + 2𝑤𝑖𝑊𝑖𝜃2(1 −  𝜃) +  𝑧𝑖𝑍𝑖𝜃2  and 

𝑞𝑖(𝜃) =  𝑢𝑖(1 −  𝜃)2 + 2𝑎𝑖𝜃(1 −  𝜃)2 + 2𝑏𝑖𝜃2(1 −  𝜃) +  𝑧𝑖𝜃2. 

𝑢𝑖, 𝑣𝑖, 𝑤𝑖 and 𝑧𝑖  are the shape parameters while 𝑈𝑖 , 𝑉𝑖, 𝑊𝑖 and 𝑍𝑖  are the control points. Using the 
properties given in (4), the Ball curve, B(x) will preserve the positivity of the data when the following 
shape parameters were imposed: 

ui , zi > 0,           ai > max{ 0, −
𝑢𝑖 

2
− 

𝑢𝑖ℎ𝑖𝑑𝑖 

2𝑓𝑖
 } ,           bi > max{ 0, −

𝑧𝑖 

2
+ 

𝑧𝑖ℎ𝑖𝑑𝑖+1 

2𝑓𝑖+1
 } . 

 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 
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2.3 Cubic Trigonometric Bézier Curve 

[22] proposed a cubic trigonometric Bézier function for every subinterval Ii = [xi , xi+1] for all i = 0, 1, 
2, ..., n − 1 as:  

𝑆𝑖(𝑥) = ∑ 𝜔𝑖𝑃𝑖

3

𝑖=0

, 

𝜔0  =  [1 − 𝑠𝑖𝑛 (
𝜋𝜃

2
)]

2
[1 − 𝛾𝑠𝑖𝑛 (

𝜋𝜃

2
)],     𝜔1  =  𝑠𝑖𝑛 (

𝜋𝜃

2
) [1 − 𝑠𝑖𝑛 (

𝜋𝜃

2
)] [2 + 𝛾 − 𝛾𝑠𝑖𝑛 (

𝜋𝜃

2
)] 

𝜔2  =  𝑐𝑜𝑠 (
𝜋𝜃

2
) [1 − 𝑐𝑜𝑠 (

𝜋𝜃

2
)] [2 + 𝜎 − 𝜎𝑠𝑖𝑛 (

𝜋𝜃

2
)],        𝜔3  = [1 − 𝑐𝑜𝑠 (

𝜋𝜃

2
)]

2
[1 − 𝜎𝑐𝑜𝑠 (

𝜋𝜃

2
)] 

and 

𝑃0  =  𝑓𝑖,          𝑃1  =  
𝜋𝑓𝑖(2+𝛾𝑖)+2ℎ𝑖𝑑𝑖

𝜋(2+𝛾𝑖)
  ,           𝑃2  =  

𝜋𝑓𝑖+1(2+𝜎𝑖)−2ℎ𝑖𝑑𝑖+1

𝜋(2+𝜎𝑖)
,           𝑃3  =  𝑓𝑖+1 

where 𝜔0, 𝜔1, 𝜔2 and 𝜔3  are the trigonometric cubic basis functions, γ and σ are the shape 
parameters and P0, P1, P2 and P3 are the control points. Based on [22], for a positive data set {(ti , fi) : 
i = 0, 1, 2, ..., n}, the author presented a piecewise cubic trigonometric spline that preserves the 
positivity of the interpolant that satisfied the following conditions: 

𝛾i > max{ 0,
−2ℎ𝑖𝑑𝑖 

𝜋𝑓𝑖
 } ,          𝜎i > max{ 0,

−2ℎ𝑖𝑑𝑖+1 

𝜋𝑓𝑖+1
 } . 

The weight or shape parameter will provide control of the curve. Different value of shape parameter 
will result in different shape of curve interpolated. This property will help the designer to modify the 
interpolated curve compared to the classical Bézier curve. In this paper, an arbitrary value of 0.1 is 
chosen as the shape parameter for all curves to provide fair comparison for analysis purposes. 

3 CURVATURE 

Let 𝑧(𝑥) = (𝑧𝑥(𝑡), 𝑧𝑓(𝑡)) be two-dimensional parametric curve. 𝑧′(𝑥) and 𝑧′′(𝑥) is the first and second 

order derivative of 𝑧(𝑥) respectively. The curvature equation of a curve is defined as follows:  

κ(𝑥) =
|𝑧′(𝑥)×𝑧′′(𝑥)|

|𝑧′(𝑥)|
3   

Generally, the ideal desired curve should have monotone curvature segments [23]. Curvature plot is 
one of the ways to help determine the smooth shape [24]. Based on the curvature plot, the inflection 
point can be found by detecting the value of curvature starts to change its sign as reported in [25]. In 
this paper, the chosen positive data will be interpolated using several types of curves namely rational 
cubic/cubic Bézier, rational cubic/cubic Ball curve, and cubic trigonometric Bézier curve. The 
curvature value for each interpolated curve will be plotted and the amplitude of the curvature will 
be used as an indicator to determine the smooth curve. 

(8) 

(9) 

(10) 
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4 RESULTS AND DISCUSSIONS 

Table 1 shows a positive W-shaped data from [26] where the data consists of conductance values 
taken at a specific time. This data is an example of a positive data where the conductance value can 
never be negative.  

Table 1: A positive data set of conductance values from [26] 

i 1 2 3 4 5 6 7 

xi 2 3 7 8 9 13 14 

fi 10 2 3 7 2 3 10 

 

 

Figure 1: Rational cubic Bézier curve with shape parameters ci = gi = 0.1 (left) and its curvature profile (right) 

Figure 1 (left) shows a shape preserving curve from data in Table 1 by using formulation of rational 
cubic Bézier curve as in Equation (1) and imposing parameter values as in Equation (5). ci and gi were 
set to be 0.1 act as its shape parameters and the smoothness of the curve can be seen in Figure 1 
(right). The value of shape parameter 0.1 is arbitrarily chosen and the same value of shape 
parameters are fixed for three types of curves in this research. The curviness of the interpolated 
curve at each point can be seen via curvature profile for each curve as in Figure 1 (right), Figure 2 
(right) and Figure 3 (right). Equation (6) was used to interpolate the data in Table 1 to generate 
rational cubic Ball with the value of shape parameters ai = bi = 0.1 as in Figure 2 (left) and the 
curvature plot for rational cubic Ball using the same shape parameters is provided in Figure 2 (right). 
The interpolated curves in both Figure 1 (left) and Figure 2 (left) produced smooth interpolants at 
the connected points. 
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Figure 2: Rational cubic Ball curve with shape parameters ai = bi = 0.1 (left) and its curvature profile (right) 

 

Figure 3: Cubic trigonometric Bézier curve with shape parameters γ = σ = 0.1 (left) and its curvature profile 
(right) 

The third type of curve that was compared with is cubic trigonometric Bézier curve as in Equation 
(8). Since the curve already have shape parameters of γ and σ, so the rational form of the curve were 
not needed. By using the same value of shape parameters, the shape preserving curve of cubic 
trigonometric Bézier curve in Figure 3 (left) are sharp-edged at the connected points. This statement 
is supported by the curvature plot in Figure 3 (right) where the first and third amplitude of the 
curvature profile is higher than previous two curves. The curves and curvatures comparison can be 
observed in Figure 4.  

From Figure 1 (right), Figure 2 (right), and 3 (right), the curvatures are not connected smoothly. 
These show that the connected joint at data points x = 7 and x = 9 are not curvature continuous. The 
curvature is discontinuous due to the interpolated curve possessed C1 continuity or first-order 
derivative of parametric continuity. This research can be further extended by imposing another 
condition by integrating the curvature continuity or C2 so that the curvature profile of the 
interpolated curve is not disconnected. 
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Figure 4: Curves comparison where Bézier curve (pink), Ball curve (blue) and trigonometric curve (black) 
(left) and their curvatures profile (right). 

5 CONCLUSIONS 

All three curves managed to preserve the positivity of the data and resulted in smooth interpolation 
and achieved C1 continuity. By implementing curvature formulation on the shape-preserving curves, 
the curvature values for all three different functions namely, cubic Bézier curve, cubic Ball curve, and 
cubic trigonometric Bézier curve are successfully computed. Since the interpolated curve itself is not 
enough to validate that our data points are connected smoothly, therefore the curvature information 
for each type of curves are crucial to determine the smoothness of shape preserving scheme amongst 
them all.  

The interpolated curve by cubic Bézier curve is the best based on the lowest amplitude value of 
curvature (x = 10) among those three types of curves. The cubic Ball curve recorded similar curvature 
profile as Bézier curve. However, the cubic trigonometric Bézier curve shows higher curvature 
amplitude than the other two. High curvature indicates that the interpolated curve is a bit tight since 
the curve have sharp turn at connected point. Moreover, it was found that the curvatures of all three 
functions are discontinuous. This is expected since curvature is a function of first and second 
derivatives.  

The result is based on one value of shape parameter which is 0.1 for all types of curves and it might 
give different indicator when different value of shape parameters for each curve is used in the future. 
For future work, C2 continuity or curvature continuity conditions can be applied to meet curvature 
continuity and different value of shape parameters can be used to find the variation of the best fit 
curve. 
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